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PREFACE 



The first two volumes of this Text-book of Mechanics 
(Vol. I., Statics; Vol. II., Kinematics and Kinetics) 
constitute a course in theoretical mechanics. These 
books bridge the gap between the mechanics of the 
course in physics and the course in applied mechanics 
of the technical schools. 

Volume three (Mechanics of Materials), volimie four 
now before the reader, and a projected volume deaUng 
with applied kinetics will form a course in applied 
mechanics. 

In this, the fourth volimie, statics is applied both to 
structures and to machines. It thus serves as an intro- 
duction to mechanical as well as to structural engineering. 

This book is intended to be a text-book — a teachable 
book. Moreover, to quote from the preface of the third 
volume, it is designed to "encourage the student to think 
and not to memorize, to do and not simply to accept 
something already done for him"; it nevertheless "fur- 
nishes sufficient material in the way of explanation and 
example so that he will not become discouraged." 

I take this opportunity to acknowledge my indebted- 
ness and to express my thanks to my wife, Alwynne B. 
Martin, for assistance in the preparation of the manu- 
script and in the reading of the proof, and to Prof. R. 
F. Deimel and Mr. G. G. Freygang for reading both 
manuscript and proof. 

L. A. M., Jr. 

Castle Point, Hoboken, N. J. 
November, 191 2. 
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CHAPTER I 

WORK AND ENERGY 

Section I 

INTRODUCTION 

The work done by a constant force is defined as the 
product of the force and the projection of the displace- 
ment of its point of application upon the line of action 
of the force. 

If the projected displacement agrees in direction with 
the direction of the force the work is considered positive, 
and thus if the projected displacement takes place in the 
opposite direction to that in which the force acts the 
work done must be considered negative. 

The units employed by English-speaking engineers are 
as follows: 

The unit of force is the attraction exerted by the earth 
upon a certain piece of platinum when at a latitude of 
45° and at the sea level. This piece of platinum is 
marked " P. S., 1844, i lb.," and is carefully preserved 
in London. 

The unit of displacement is the foot, being one-third 
of the distance between two marks upon a platinum bar 
(known as the standard yard), also preserved in London. 
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The unit of work is thus the foot-pound, that is, the 
work done whenever a force of one pound is displaced 
along its line of action thru a distance of one foot. 

Whenever a free body is displaced by a couple, angular 
displacement occurs about the mass-center of the body 
and the work done by the couple is then readily measured 
by the product of the moment of the couple (or its torque) 
and the angular displacement produced. 

The unit of angular displacement is the radian; an 
angular displacement of 360° or one revolution is equal 
to 2 TT radians. 

That this method of calculating the work done by a 
couple follows from the definition of work may be demon- 
strated as follows: 

In Fig. I consider a free body acted upon by a couple 
whose torque is Fa. Let C be the mass-center of the 

body. The body will then be 
displaced angularly (rotated) 
in the direction of the curved 
arrow. If the body suffers a 
displacement of one revolution 
the force F, acting in the direc- 
tion of the displacement, will 
Fig. I ,.,,.,, 

at each mstant be displaced 

along an element of a circle whose radius is (a -|- x) and 
the work done will thus be F [2 tt (a -f x)]. In the 
meantime the other force F performs work equal to —F 
(2 irx). The total work done by the couple is thus 2 xF 
(a -F a;) — 2 irFx = 2 irFa. But Fa is evidently the torque 
of the couple to be measured in pound-feet, while 2 ir is 
the angular displacement of the body measured in radians, 
and 2 irFa, the work done, is measured in foot-poimds. 
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In Fig. 2 consider the work done by gravity upon the 
wheel and axle during one revolution, 
neglecting friction and assuming rota- 
tion in the direction indicated by the 
curved arrow. 

Here the attraction of gravity pro- 
duces tensions of T2. and T\ pounds in 
the ropes attached to Wi and Wi re- 
spectively. The moment or torque of 
Ti is TiR and that of Ti is Tir, while 
the angular displacement of the wheel 
and axle upon which these torques act is air radians. 

The work done is therefore 

2 irTiR — 2 irTir- 

Exercise i. (a) Show the wheel and axle of Fig. 2 as a 
"free body" and indicate clearly the couples involved in the 
above discussion. 

(b) Calculate the work done by gravity upon the weights 
Wi and Wi and interpret the negative sign. Is this work 
equal to the work 2 irTiR — 2 irTir calculated above ? 

Exercise 2. A fly-wheel, external radius r feet, revolves 
at n r.p.m. It is brought to rest by a frictional force of F 
pounds exerted on its rim by means of a block of wood. How 
much work is done by this frictional force during the first 
3 revolutions and also during the last 3 revolutions of the 
fly-wheel? How much work does the fly-wheel do during any 
5 revolutions after the frictional force is applied? Draw the 
fly-wheel as a free body and show the couple involved in the 
above calculation. 

The work done by a fluid enclosed in a cylinder and 
moving a piston closing one end of the cylinder (as in a 
gas engine) is conveniently measured by the product of 
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the change in volume (or the volume swept thru by the 
piston) and the pressure exerted by the fluid. The 
change in volume is measured in cubic feet, the pressure 
exerted by the gas in potmds per square foot, and the 
work done is then expressed in foot-pounds. 

Thus, if before expansion the volume of the enclosed 
gas is Vi cubic feet and after expansion V2 cubic feet and 
the pressure exerted is constant and equal to p poimds 
per square foot, then the work done is 

(% — Vi) p foot-pounds. 

Exercise 3. (a) Prove this formula assuming the area 
of the piston to be A square feet. 

(b) How wovdd the result be interpreted when 112 < nf 

Power is defined as the rate at which work is done. 
A unit of power would be the foot-pound per second. 
English-speaking engineers employ the horse-power, 
defined as 550 foot-pounds per second or 33,000 foot- 
pounds per minute, as the practical unit of power. 

Section II 

work done by constant forces 

Dynamometers 

Dynamometers are devices for measuring the power 
dehvered by prime movers (steam or gas engines, tur- 
bines, etc.) or consumed in driving machinery. 

In reality djmamometers are measurers of force and 
not of energy, and a further reading of speed, involving 
displacement and time, must be taken to calculate the 
power delivered or absorbed. 
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Dynamometers may be divided into two general 
classes : 

(a) Absorption d3aiamometers, which waste the energy 
they measure. 

(b) Transmission dynamometers, which measure the 
energy while transmitting it with only slight unavoidable 
losses due to friction. 

Absorption Dynamometers 

The Prony Brake.' — One form of Prony brake, Fig. 3, 
consists of an iron hoop, to which are fastened wooden 
blocks. These blocks rub over 
the rim of an iron wheel; the 
normal pressure and therefore 
the friction between the blocks 
and the wheel can be adjusted 
by means of the bolt at A. 
The wheel is driven by the 
prime mover whose output 
of energy is to be measured. 
The brake, being fastened to ' ^ 

a fixed support by means of the hook and the spring 
balance T to prevent its rotating with the wheel, absorbs 
this energy and dissipates it as heat. 

To measure the energy absorbed the reading of the 
spring balance and the simultaneous comit of the revo- 
lutions per minute of the wheel must be taken. 

The wheel evidently exerts a torque upon the brake, and 
this torque must equal the product of the reading of the 
spring balance, T pounds, and the arm, I feet (measured 
from the center of the shaft of the wheel normal to the 
line of action of T), for the brake is in equilibrium. 
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The brake therefore exerts a torque equal to Tl upon 
the wheel in a direction opposed to its motion and absorbs 
Tl (2 tt) foot-poimds of work per revolution of the 
shaft. If the shaft makes N r.p.m. then the horse- 
power absorbed by the brake pr dehvered by the prime 

. 2-,rNTl 

mover is 

33,000 

Exercise 4. Show the brake illustrated in Fig. 3 as a 
free body and explain how the wheel exerts its torque on the 
brake. k 1- 




ExEECiSE 5. (a) Find the H.P. absorbed by the brake 
shown in Fig. 4 if the "effective pressure" upon the platform- 
scales is P pounds and the shaft makes N r.p.m. 

(b) How would you find this "effective pressure" experi- 
mentaUy? ^a'u^iJL 








Fig. 



Exercise 6. (a) What must be the length of the brake 
arm, I (Fig. 4), in inches, so that the " effective pressure " wiU 
be numerically equal to the brake H.P. per 1000 r.p.m. ? 
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(b) A prony brake the length of whose arm is that calcu- 
lated in (a) gives an " effective pressure " of 200 pounds when 
the shaft makes 500 r.p.m. What is the brake H.P. ? 

Exercise 7. (a) Find the H.P. absorbed in the brake 
shown in Fig. 5 ; here the energy is changed to heat by the 
friction of a rope making one and a quarter turns about the 
wheel. 

(b) Why should the shaft rotate as shown? 
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Transfhission Dynamometers 

The transmission dynamometer shown in Fig. 6 con- 
sists of three gear wheels A, B, and C. The wheels A 
and C are fastened to fixed shafts at A and C. These 
shafts transmit the energy to and 
from the dynamometer. The wheel 
B is fastened only to the T-shaped 
arm at B. This arm itself turns 
freely about C as a center; it does 
not rotate with the shaft driven by 
wheel C. 

If the gear A drives in the direc- 
tion shown and the weight W is 
removed or is too small, the gear B 
will not transmit motion to C but 
will simply be displaced towards 
the right, moving about Z) as a center. If, however, W 
is heavy enough to keep the T-shaped arm in the position 
shown, then the gear B rotates about B and transmits 
motion and energy to the shaft C. If the force trans- 
mitted at the pitch circle from ^ to 5 is P poimds, then 
the force at B required to hold gear B in the position 
shown in Fig. 6 will be 2 P poimds (see Ex. 8) . The 



Fig. 6 
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2Ph 

weight, W, necessary to furnish this force at 5 is PF = 

Of 

pounds and the work per revolution of the driver will be 
■wrWa , 



2 irfaP = 



'■ foot-pounds. 



Thus by adjusting W and counting the revolutions per 

minute at the driver the horse-power transmitted can 

be measured. 

Exercise 8. Show gear B and the arm in Fig. 6 as free 

bodies and from these deduce the relations between the forces 

used in the above discussion. 

Exercise g. Calculate the work per minute delivered by 

gear C, Fig. 6, and compare the result with the work supplied 

per minute to gear A, which makes N r.p.m. 

Exercise id. Fig. 7 shows 
a transmission dynamometer 
in which a belt transmits the 
energy. The crosses (X) indi- 
cate fixed centers. The turn- 
buckle, T.B., must be adjusted 
so that the T-shaped arm re- 
mains in the position shown in 
the sketch. Note that the ten- 
sion in the belt on one side of 
the driving pulley is greater 
than the tension on the other 
side. Assuming the reading 
of the spring balance to be 5 
pounds, when the dynamom- 
eter is transmitting power 
and the driver makes N r.p.m., 

calculate the H.P. transmitted by considering the work done at 
(a) the driver, 




Fig. 7 



(b) the follower. 



WORK AND ENERGY 



In the Briggs dynamometer the belt transmitting the 
energy to be measured passes over two equal pulleys, 
Fig. 8, and over two idle pulleys attached to a frame, A, 




Fig. 8 



SO arranged as to allow only a sUght vertical motion. 
The weight of this frame and its pulleys is balanced by a 
counter-weight w. When the belt transmits no energy 
the frame, A , takes a symmetrical position. As soon as 
energy is transmitted the frame tends to move down- 
ward owing to the increased tension on the lower side of 
the belt. Any vertical displacement of the frame, A, is 
prevented by adjusting the weight, W. 
Fig. 9 shows the frame, .4, as a " free 
body" and from it the difference in the t,-- 
tensions (Ti — Ti) can be obtained in 
terms of the angle 6 and W by placing 
the sum of the vertical components of 
the forces equal to zero. Thus 

Wx 




Fig. 9 



2 Ti sm 2 Ti sm - -F 

2 2 



= o. 



whence 



Ta - Ti = 



Wx 



2 a sm - 
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Exercise ii. If the difference in the tensions in the 
belt of a Briggs dynamometer is to equal twice the force re- 
quired to hold the idlers in the central position, what should 
be the angle between the two parts of the belt leaving the 
driver? 

. Exercise 12. Assuming the difference in the tensions in 
the two sides of a belt to be {T2 — Ti) pounds, what H.P. 
does the belt transmit if its linear velocity is V feet per 
minute? 

The Webb floating dynamometer is often used to 
measure the torque transmitted by an electric motor to 
the driven machinery or the torque necessary to drive a 
dynamo. This dynamometer consists of a tank in which 
floats a " negative " tank or float allowing just sufficient 
play so that no contact occurs on slight displacement. 
Upon this float the djoiamo or motor is mounted and by 
adjusting weights within it the float is leveled. If now a 
torque is applied to the armature and transmitted by the 
magnetic field to the magnets of the dynamo the level of 
the float is disturbed. This tipping of the float is pre- 
vented or corrected by shifting a known weight thru a 
measured distance in a horizontal direction and in a 
plane at right angles to the axis of the applied torque. 

By this means the tilting torque is measured. For 
our purpose the float and attached dynamo may be con- 
sidered as a free body upon which the upward buoyant 
force due to the displaced water balances the downward 
weight of the float, the dynamo, the weights used for level- 
ing the float, and the shifting weight in its first position, 
i.e., its position when the float is level and no torque is 
transmitted to it. Shifting a weight of w pounds a dis- 
tance of d feet in order to restore the level position when 
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a torque is transmitted means that the applied torque is 

wd pound-feet. That this is so can be demonstrated as 

follows. Consider the float in 

equilibrium when no torque is 

transmitted, as shown in Fig. 

lo. Here the arrow marked W 

represents the resultant of all 

weights except the shifting 

weight which is represented by 

w. These forces are balanced 

by the buoyant force B = W+ w, no torque being applied 

to the float thru the shaft. We thus have 

Wm = wn (i) 

If now w is shifted to the position indicated by the dotted 
arrow w, d feet from its first position, the resultant of all 
the weights will move from E to F and 

•wy = Wx (2) 

Under these conditions an unbalanced couple formed by 
the buoyant force, B = W + w, and the new (dotted) 
resultant thru F, W + w, acts upon the float; this 
couple is necessary to balance the torque to be measured, 
which is applied to the float thru the shaft of the motor 
or dynamo. 

This torque is (W + w) {x + m) and by means of 
relations (i) and (2) this reduces to wd. 

Exercise 13. Complete the above demonstration. Why 
does not the buoyant force B shift its line of action when a 
torque is applied and w is shifted? 

Exercise 14. (a) Is the shaft transmitting the torque 
to the dynamometer shown in Fig. 10 normal or parallel to 
the plane of the paper? 
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(b) A weight of lo pounds must be shifted 2 feet 5 inches 
to level the float of a Webb floating dynamometer when a 
motor fastened to the float drives a direct-connected centrifu- 
gal pump at 300 r.p.m. What H.P. is required to run this 
pump ? ' 

Exercise 15. If the scale used to determine the position 
of the sliding weight on a Webb floating dynamometer is 
graduated in feet and decimals of a foot, what should be the 
weight 'of the sUding weight so that every hundredth of a foot 
thru which this weight is moved represents a thousandth of a 
H.P. per hundred r.p.m. ? 

Section III 

WORK DONE BY VARIABLE FORCES 

From the definition of work it follows that the work 
done by a variable force, F, whose line of action coincides 
with the differential displacement, ds, is 



£ 



Fds. 

If F can be expressed as a function of j then the indicated 
integration can be performed and the total work done 
can be calculated. 

Work Done by the Force of Gravitation. — Whenever 
a body is lifted work is done against the force of gravita- 
tion. It is usually assumed that this force is constant 
and for practical engineering problems, where the height 
to which bodies are lifted is small compared to the diam- 
eter of the earth, this is sufficiently exact. 

If, however, the exact work done against gravity is 
required, the attraction of gravity must be considered as 
variable. The law of variation is expressed as follows: 
The attraction of two spheres varies directly as the prod- 
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jr r 



uct of their masses and inversely as the square of the 
distance between their centers. 

Thus, to calculate the work done in hfting a sphere 
whose weight at the earth's surface is W pounds to a 
height of h feet above the surface, Fig. 11, 
consider the mass at a height of x feet 
above the surface. The attraction of the 
earth is then F pounds where 

p • Mm 

and where M is the mass of the earth, m 
the mass of the sphere, and R the radius 
of the earth expressed in feet. 



Thus, 



F = 




{R + xY 

where c is some constant. To find c note that F at the 
earth's surface (where x = o) is W, or 

W = —y 

WR^ 



whence 
and 



F = 



(R + xY 



J^x = h nx = h JYR^ 

-Fdx= I -yrr-, — r, 
x = o Jx = o [R + XY 

WRh 



dx 



= + WR'\^^J~ =- 



R + h 
when 



Exercise 16. Solve the above problem when x is 
measured from the center of the earth. 

Exercise 17. li h is very small compared to R, what 
WRk 



value does 



R + h 



approximate? 
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Exercise i8. What work is done in lifting a 200-poiind 
weight from the surface of the earth (radius 4000 miles) 

(a) to a height of 1000 feet above the surface? 

(b) to an infinite distance from the center of the earth? 

Work Done in Deforming a Spring. — A spring fol- 
lows Hooka's Law provided the stress is kept within the 
elastic limit. According to Hooke's Law the deforma- 
tion is proportional to the force applied. 

The strength of a spring is expressed by the force (in 
pounds) required to increase or decrease its original 
(mistressed) length one foot. 

Thus a spring whose strength is 10 pounds per foot 
would reqmre a force of 10 pounds to stretch it i foot, or 
30 poimds to stretch it 3 feet, provided the elastic limit 
is not exceeded by this deformation. 

As an illustration consider the work done in stretching 
a spring, whose natural length is 10 feet and whose 

strength is 10 pounds 

per foot, to a length 

of 13 feet. In Fig. 

12 (a) let X represent a 

stretched length of the 

spring; its deforma- 

FiG. 12 tion is then (x — 10) 

feet and the force, F, required to keep it stretched to 

this length is (x — 10) (10) pounds. 

The work done in stretching the spring is 

Jr^x = 13 px = 13 

Fdx= I {x — 10) (10) dx = 45 foot-pounds. 

x = 10 i'a:.= 10 

As the variable force F is a linear function of the 
elongation the work can also be found without Integra- 
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tion by considering the average value of the variable 
force. 

Thus the force applied at the beginning of the elonga- 
tion is o pounds and at the end 30 pounds, and as it in- 
creases directly with the elongation the average tension 

is ^ or 15 pounds, and the work done equals (aver- 

2 

age force) (displacement) = (15) (3) = 45 foot-pounds. 

Fig. 12 (b) illustrates this graphically, the triangle 

whose base is 3 feet and whose altitude is 30 pounds 

being the work diagram; the ordinate at any point 

represents to scale the tension of the spring or the force 

applied to produce the corresponding elongation. The 

area of this work diagram (^ ^ = 4s) represents the 

work done in stretching the spring. 

Exercise 19. What must be the strength of a spring 10 
inches long and capable of storing 1000 foot-pounds of energy 
with a compression of 2 inches? 

Exercise 20. A spring whose natural length is 3 feet 
and whose strength is 60 pounds per foot is to be stretched 
from a length of 2.5 feet to a length of 4.25 feet. Calculate 
the work done 

(a) by calculus; 

(b) by means of the average force. 

(c) Draw the work diagram for this problem and from it 
obtain the work done. 

Work Done by the Expansion of a Perfect Gas at 
Constant Temperature (Isothermal Expansion) . 

In Fig. 13 (a) let (i) represent the position of a piston 
enclosing a certain mass of gas, the volume and pressure 
of this gas being Vi and pi respectively. Similarly V2 and 
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,»t_y- 



Fig. 13 



pi are the corresponding values after expansion to the 
position shown by the piston (2). In Fig. 13 (b) these 

conditions are repre- 
W i ^ sented graphically. 

The curve joining 
points I and 2 is the 
graphical representa- 
tion of Boyle's Law, 
the law governing the 
isothermal expansion 
of a gas. This law ex- 
pressed analytically is 
pv = c, a, constant, and the curve representing it is 
therefore an equilateral hyperbola referred to its asjnnp- 
totes as axes. 

The work done by an expanding gas can best be ex- 
pressed in the form {vi — v-i) p, provided the pressure, p, 
is constant. If p varies then the change in volume 
(v2 — Vi) must be considered infinitesimal and expressed 
by dv. During this change in volume p is constant and 
the work done is p dv, 

pdv. 

In the example illustrated in Fig. 13, 

pv = c, .: p = -1 

V 

-dv = c\ logj v\ = c loge — • 



or 



To find c note that p = pi when v = Vi, so that piVi — c. 
Thus the work of isothermal expansion from a volume 
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of Vi cubic feet and pressure of pi pounds per square foot 
to a volume of Vi cubic feet is 

piVi loge — foot-pounds. 

Note carefully that this expression represents the area of 
the work diagram, in Fig. 13 (b), bounded by the hyper- 
bola, the ordinates pi and p2, and the axis of v. 

Isothermal Expansion ; the Hyperbola. — The follow- 
ing is a simple construction for plotting the hyperbola 
as used in work diagrams involving the isothermal ex- 
pansion of gases. 

As in Fig. 14 assume axes of zero volume and zero 
pressure; also some point ,p 
{vi, pi) representing known 
conditions of volume and 
pressure. 

Thru this point draw a 
line parallel to the n-axis, 
then thru the origin any 
obhque lines. The figure 




Fig. 14 



shows how points on the curve are then located. 

Exercise 21. Show that the construction illustrated in 
Fig. 14 produces a curve whose equation is pv = constant 
= piVi. Extend the construction of the curve in Fig. 14 
above the point {vi, pi). 

Theoretical Indicated Horse-Power of the Steam En- 
gine. — In the steam engine, steam is admitted to the 
cyhnder at a constant pressure for a part of the stroke. 
The steam is then cut off and the steam already admitted 
is allowed to expand, the pressure in the meantime fall- 
ing from pi, the initial pressure, to some pressure usually 
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greater than the back pressure, pi. This back pressure 
is due to the atmospheric pressure and the resistances 

encountered by the ex- 
haust steam in leaving the 
cyHnder. These conditions 
are represented graphically 
in the work diagram in 
Fig. 15, the shaded area of 
which represents the work 
done on one side of the 
piston during two strokes. 
This theoretical work is 
readily found by subdividing the work diagram into two 
rectangles and the area under the hyperbola. Thus the 
work done equals 




Alpi + 



L 



pA dx — ALpb. 



Exercise 22. Show that the indicated H.P. reduces to 

2 ALn\^ (1+ log, r)-pil 

33,000 

for a double acting engine for which the ratio of expansion 

J is r. In what units must the various quantities in the 

above formula be expressed ? 

Exercise 23. What is the mean effective pressure for 
the work diagram in Fig. 15 ? 

Exercise 24. The diameter of the piston of a steam 
engine is 40 inches, the stroke is 5 feet, the number of revolu- 
tions 50 per minute. If the steam enters the cylinder at 80 
pounds absolute, is cut off at one-third of the stroke and the 
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back pressure is 3 pounds absolute, find the I.H.P. of the 
engine. 

Exercise 25. A triple-expansion steam engine has three 
cylinders 26.5, 36.5, and 54 inches in diameter; the stroke of 
each cylinder is 5 feet. The steam pressure in the main pipe 
is 150 pounds per square inch; in the receiver between high 
and intermediate cylinders, 40 pounds; between intermediate 
and low, 5 pounds; and a vacuum of 27 inches is maintained 
in the condenser. The mean effective pressures in the cylin- 
ders are: high, 54; intermediate, 23.5; and low, 12.5 pounds 
per square inch, ^nder the above conditions the engine 
ran at 65 r.p.m. Find the I.H.P. 

Exercise 26. A boiler suppUes a steam engine with 100 
cubic feet of steam per minute at an average pressure of 
50 pounds per square inch. What is the I.H.P. of the 
engine? 

In calculating the I.H.P. of a steam engine as out- 
lined on page 18 it was assumed that the piston came in 
contact with the cylinder head at the end of its stroke. 
This of course is impractical. A certain " clearance " 
must always be allowed between the cylinder head and 
the piston at the end of its stroke and the steam passages 
from the valves to the cylinder add to this clearance 
volume. The volume due to the clearance must be 
filled with steam before the piston moves. Instead of 
using "live steam" for this purpose the exhaust port 
is closed before the piston reaches the end of its stroke 
and the imprisoned steam is compressed from the back 
pressure to some higher pressure usually below the initial 
steam pressure. 

The theoretical indicated horse-power of a steam 
engine, taking into account clearance and compression, 
may be computed as follows: 
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Fig. 1 6 (a) shows the work diagram for the forward 
stroke of the piston (to the right) and the shaded area 

represents the work done 
by the steam upon the 
piston. Fig. i6 (b) 
shows the work diagram 
for the return stroke of 
the piston (to the left) 
and the shaded area rep- 
resents the work done 
by the piston upon the 
steam first in exhausting 
some of it from the cyUn- 
der and then in com- 
pressing the remainder 
into the clearance vol- 
ume. This clearance 
volume is expressed as a 
fraction of the stroke; thus c (in Fig. i6) represents the 
length of a cylinder, having the same area as the piston, 
whose volume equals the clearance volume. In Fig. i6 

A = the area of piston. 
L = the length of the stroke. 
I = the distance the piston travels before "cut-off" 

occurs. 
h = the distance the piston travels during com- 
pression. 
c = the "clearance" as explained above. 
pi = the initial steam pressure. 
pi = the back pressure. 

From Fig. i6 (a) the work done on the piston during 
one stroke is 




Fig. i6 
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W=Alp,+ r^^"^''^pMdx) =Ap, j /+(/+<;)logf^)j , 

for according to the law pv = c we have 

PAAx) =PiA(l + c). 
From Fig. i6 (b) the work done by the piston during the 
return stroke is 

W' = A(L-h)p,+ r^'^''p,{Ady) 

= ^pAL-h + {h + c) logl^^^l ■ 
The efifective work per stroke is then W — W. 

Exercise 27. Complete the calculations in the above 
indicated steps. 

Exercise 28. What is the mean effective steam pressure 
according to the data assumed for Fig. 16? In what units 
must each quantity used be expressed ? 

Exercise 29. Referring to Fig. 16 calculate (a) the 
pressure in the cylinder at the end of the expansion; (b) the 
pressure due to compression when admission occurs; (c) 
assuming the back pressure, the clearance, and the point at 
which compression commences, construct the compression 
curve. 

Work Done by the Adiabatic Expansion of Air. — Air 

expands adiabatically when its entropy remains constant. 
In this case the gas neither receives nor emits heat. The 
law of adiabatic expansion is pv" = constant where 
w = 1.4. In practice the conditions for adiabatic change 
are seldom realized and then n takes values lying be- 
tween I and 1.4. 

The curves representing the equation pv" = constant 
may readily be constructed in the following manner.* 
* E. Brauer; Z. d. V. d. I., p. 433, 1885. 
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In the equation (i + tan /3) = (i + tan a)" assume a 

and compute /S. 
Then as in Fig. 17 
lay down the angles 
a. and /3 from the 
axes of V and p re- 
spectively as shown; 
now starting from 
any known point 
(di, ^1) on the re- 
qiiired curve draw 
lines at 45° as indi- 
^'°' ^^ cated to locate an- 

other point on the curve. Starting with this point 
proceed to find the next point, etc. 

Exercise 30. Prove that the above construction gives 
a curve whose equation is pv^ = constant = piV-H". 

Exercise 31. (a) How would you cause the constructed 
points on the curve in Fig. 17 to lie closer together? 

(b) Prove the above construction for w = i. What curve 
does this produce ? 

Exercise 32. Show that the work done in compressing 
a gas according to the law pv'^ = a constant from a volume 
and pressure of vy and p\ to a smaller volume v^ and higher 
pressure p2 is 

n— 1 
pm S Z'^V"' _ I ^ , ^^ j'1^1 



(r- 



'i 



or 



w-\ 



To Find the Work Done by Varying Forces when the 
Law of Variation Cannot be Expressed Analytically. — 

When the law governing the relation between force and 
displacement cannot be expressed analytically then the 
calculus cannot be used to compute the work done. In 
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cases of this kind the law of variation is either represented 
graphically by means of a curve (obtained experimentally 
as on the indicator card), or certain instantaneous values 
of force and of displacement are known. 

The problem thus reduces to that of finding the area 
boimded by one force-displacement curve, two ordinates, 
and the axis of displacement. 

The following rules, given in their order of approxi- 
mation, are used to estimate this area. In each of these 
rules the area is assumed to be bounded by the given 
curve and three straight lines, two of which are perpen- 
dicular to the third. 

These rules are only applicable to such intervals of 
curves in which no sudden changes in rate of curvature 
occur. 

A. The Trapezoidal Rule. — 
Fig. 18 represents the figure 
whose area is sought. Divide 
the horizontal line into any 
number of equal parts, of 
length I, and erect ordinates 
at the points of division. Let 
the lengths of these ordinates Fic is 

be y<i, yi, yi, etc. 

Then assuming the area to be composed of trapezoids 
of common altitude / (as shown by the dotted Unes), 

Area = - (3*0 + y\j + - (yi + J2) + • • • 
2 2 
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In case the curve is not given, only certain points upon 
it being fixed as determined by their ordinates, then the 
assumption that the curve consists of straight lines join- 
ing the ends of the ordinates is probably as true as any 
other assumption and the above formula gives as accurate 
an answer as can be expected. If, however, the curve 
is known, better results are obtained by means of 

B. The Rectangular Rule. — 
Under this rule the area is con- 
ceived as composed of rectangles, 
as indicated in Fig. 19. The 
assumption here made consists 
in regarding the area added to 
the actual strip as equal to the 
^'°- ^9 area subtracted from it in trans- 

forming the actual strips into the rectangles. Thus the 
Area = l{rii + Vi + V3 + ■ ■ ■ Vn)- 
C. Simpson's Rule. — In 
applying Simpson's Rule the 
area must be divided into an 
even number of strips having 
a width I. 

In Fig. 20 consider two 
adjacent strips, the ordinates 
being yo, yi, and y2. 

Under Rule A the 
would be 





area 



Fig. 20 



/ 



I 



A = - (yo + yi) + ~ (yi + Ji) 



As a closer approximation divide the width, 2 I, of 
these strips into 3 equal parts each equal to m. We then 
have 
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2 2 2 

= — O'O + 2 771 + 2 172 + yz) ; 

but as ^m = 2I, and rii + i^ = 2 p, 

A =-(3'o+4# + )'2). 
3 

If now the curve is concave downward, as in Fig. 20, 

the value of A just obtained is too small and thus by 

substituting for p the length yi, which is sHghtly longer, 

we obtain 

A = -(yo + 43'1 + 3'2), 
o 

as a closer approximation of the actual area to be found. 

It readily follows that for 2 n intervals of width I 

Simpson's Rule becomes 

^ = - bo + yan + 2 (ya + ^4 + . . . Jt^-i) 

+ 4(3'i+3'3+ • • • y2„-i)]. 
Exercise 33. Prove the last statement. 
Exercise 34. Prove Simpson's Rule for a curve which 
is concave upward. 

Another proof of Simpson's Rule is based upon the 
assumption that the curve passing through the points 
A, B, and C, Fig. 20, is a parabolic arc whose tangent 
at B is parallel to AC. 

If, then, we remember that the area of the parabolic 
segment ABC equals two-thirds of AC times the perpen- 
dicular distance from B to .4 C or its equivalent 

H2r){BD)=^y,-^^±^, 

3 3 \ 2 / 
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we have the required area 

= l(yo + y2) + —(2yi-yo- Ji) 
3 

= - (6yo + 6^2 + 8yi - 4^0 - 4^2) 
o 

= -iyo + Ayi-y-d- 
3 

Exercise 35. Show that if / = 2 px and y = mx + b 
intersect in A and C then the area between them is two-thirds 
of AC times the distance between AC and the tangent to the 
parabola which is parallel to AC. 

D. Simpson's "Three-eighths" Rule. — The above 
Simpson's Rule, also called Simpson's "one-third" rule, 
can only be applied when the number of strips is a mul- 
tiple of two. 

Simpson's "three-eighths" rule (applicable only when 
the number of strips is a multiple of three) follows: 

^ = ^ (yo + 3 yi + 3 3*2 + 2 3'3 + 3 ^4 + 3 ys + 2 ye 

+ • • • +2,ym-i + ym). 

Exercise 36. Prove Simpson's "three-eighths" rule by 
using three intervals and subdividing them into four parts for 
closer approximation and proceeding in a manner similar to 
that on page 24. 

Numerous other rules for approximating areas such as 
the above have been devised, notably those of Durand 
(Engineering News, 31S 42, 1894) and TschebyschefE 
(Hutte, Vol. II, Edition of 1908). 



WORK AND ENERGY 27 

Exercise 37. A variable force is displaced 6 feet and 
equals 3, 8, 15, 24, 35, 48, and 63 pounds at successive equi- 
distant intervals. Find the work done, by means of 

(a) the trapezoidal rule; 

(b) Simpson's Rule. 

Exercise 38. The steam pressures as shown by an indi- 
cator for equally spaced points along the 18-inch stroke of the 
piston of a steam hammer are 45, 50, 50, 45, 30, 25, 20 pounds 
per square inch. The back pressure is 16 pounds per square 
inch. If the moving mass of the hammer weighs 640 pounds 
and the piston area is 25 square 'inches, what work is stored 
in the hammer at the end of its stroke? 

Areas may also be found by means of planimeters. 
Section IV 

WORK DONE BY OBLIQUE FORCES 

Wherever the line of action of a force does not coincide 
with the displacement, the effective displacement and the 
effective force must be used. Thus if a force of F poimds 
is displaced a distance ds, and the angle between their 
directions is d, the work done is 

dW = (F cos e) ds. 

As an application let us show that no work is lost be- 
tween the piston and the crank of an engine by reason 
of its transmission thru the connecting-rod; of course 
friction is neglected. 

In Fig. 21, assume a constant force P acting upon the 
piston. Let the length of the connecting-rod be I and of 
the crank r. As a triangle of forces will show, the force 
transmitted along the connecting-rod is P sec <t>. This 
force, acting at A along the center line of the connecting- 
rod, suffers a displacement ds = rdd at right angles to AC. 
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The work done during this differential displacement is 

P sec <l> sin {^-\-e)r dd. 

Thus, the work done at the crank pin during one-half a 
revolution while d changes from o to tt radians is 



W 



„ = 



P sec sin {(ji + d) r dd. 




/////////M 



W/////////// 



Fig. 21 



Here must be expressed in terms of & before integration 
is possible. From hCGA by the "law of sines" we have 



sin (> = - sin Q, 
I 



and as W = Pr I sec <j) (sin 4> cos 6 + cos ^ sin 6) 
'Jo 

(tan ^ cos ede-{- sin B) dd, 





dd 



we have 



W = Pr 



sin Bdd-{- 



l 



sin d cos B 



\J 1 -V»sin2e 



J9 



r 



= Pr [- cos e - ^ y I - ^ sin^ el 



= 2Pr. 
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But 2Pr is also the work done at the piston by the 
constant force P during a stroke whose length is 2 r. 

Exercise 39. Prove the above for the return stroke. 

Exercise 40. Show that the work obtained at the crank- 
pin thru a slotted cross-head, Fig. 22, equals the work done 
at the piston, friction neglected. 



L 



mm/// 



-w 



^X 



mm? 



//////////////// 



mmm 



Fig. 22 

Exercise 41. If the boat, Fig. 23, travels at a velocity 
of V feet per minute when the wind exerts a force of P pounds 
in the direction of its relative motion .^p 
with respect to the boat as indicated -^2rrt^__. 2^__ 

by the arrow, find the work done by V 

the wind. / 

Exercise 42. Assuming F and P Fig. 23 

constant in Ex. 41, what relation exists between Q and /3 
for maximum work? Express the answer in words. 



Section V 

KINETIC ENERGY 



Energy is the capacity to do work; it is stored work. 
Kinetic energy is the energy stored in a moving mass. 
The kinetic energy of a particle is 



mv 



where m is the mass of the particle and v its velocity. 
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The unit of mass used by English-speaking engineers 
depends upon the unit of force. The unit of force, the 
pound, has already been defined as the attraction of the 
earth for a certain piece of platinum when at a latitude 
of 45° and at the sea level. For convenience let this 
certain piece of platinum or any exact copy of it be called 
a "standard pound." 

It can be demonstrated experimentally that if a unit 
of force were to act freely upon a " standard pound" it 
would produce an acceleration of 32.17 feet per second 
per second. Let m represent the units of mass in a 
"standard pound," then, as 

force = (mass) (acceleration), 
we have, 

I pound = {m units of mass) (32.17 feet per second per 

second), or m = units of mass. 

32.17 

Thus, our "standard pound," which weighs one poimd 

(at a latitude of 45° and at the sea level), contains 

32.17 

xmits of mass. 

A unit of mass would therefore weigh 32.17 (= g^ 
pounds at a latitude of 45° and at the sea level. 

The weight of a body (i.e., the force with which the 
earth attracts it) is usually determined by comparing the 
earth's attraction for it with the earth's attraction for 
"standard pounds." We balance the body with stand- 
ard "weights." Suppose that this comparison is made 
at a place where the acceleration of gravity is g (other 
than ^45) , then, as mass remains unchanged with change 
of locality, the equation 

force = (mass) (acceleration) 
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shows that each "standard pound," used as above de- 
scribed, is attracted to the earth with a force of 

W= I units of mass) (g feet per second per second) 

= -^ pounds, 

and not with a force of one pound as might be supposed. 

The true weight of the body is thus not equal to the 

number of "standard pounds" used to balance it. Its 

true weight is equal to this number times -^ poimds. 

Similarly any force determined by means of "Standard 
pounds" cannot be measured by the number of "stand- 
ard pounds" which balance it unless the operation is 
performed at a latitude of 45° and at the sea level. 

In all cases a force determined in this way will equal 
in pounds the number of " standard pounds " times 

Of 

-^ ) where g is the acceleration of gravity at the place of 

g45 

experimentation and gi^ is the acceleration of gravity at 
a latitude of 45° and at the sea level. 

The value of g at any place on the earth's surface may 
be determined by means of the formula 

§ = 32.17(1— 0.002648 cos 2 4>) — 0.000003 ^> 

wherein <{> is the latitude 

and h is the altitude, in feet, above the sea level. 

To illustrate, a "standard pound" when suspended 
by a wire at the equator and at the sea level (where 
g = 32.08) produces a tension not of one poimd but of 

2-^ — pounds in the wire. Similarly, if 100 "standard 
32.17 
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pounds" are required to balance a Prony brake at the 
equator and at the sea level, the force exerted upon the 

brake is not loo pounds but loo (^ — j poimds. 

In opposition to the above illustrations consider the 
measurement of forces by means of a spring balance. 
Assume a spring balance to be accurately calibrated by 
means of " standard pounds " at a latitude of 45° and at 
the sea level, then it will read in true pounds irrespective 
of locality. 

In the determination of mass matters are quite dif- 
ferent. A balance, which determines that 1 50 "standard 
poimds" balance a certain iron casting at the equator 
and at the sea level, shows that the mass of this casting 
is equivalent to the mass of 150 "standard pounds." 
Its equihbrixun would remain undisturbed if transported 
to latitude 45° and the sea level, for any change in the 
earth's attraction would affect both the casting and the 
"standard po;mds" equally. As the mass of each 

"standard poimd" is units of mass, the mass of 

32.17 

the casting is — ^ — = ^^ units of mass. 
32-17 gii 

Or, from another point of view, the true weight of the 

casting at the equator and at the sea level is (150) i^ — ) 
pounds. ^ ■■"■' 

Let M be the mass of this casting, then, as 

force = (mass) (acceleration) 



(-So){^) = {M)is2.o8), 
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or 



^ V32.17A32.08; 



= — "^^ — units of mass, as before. 
32.17 

Thus, 

the mass of any body anywhere equals its true weight 

in pounds divided by the acceleration of gravity 

at the locality in question. 

Assume now that, the same casting is suspended from 
a spring balance at the equator The spring balance will 
not indicate 1 50 pounds as the weight of this casting but 

(150) i^-^ — ) pounds, its true weight. As above shown 
\32.i7/ 

this true weight must be divided by the acceleration of 

gravity at the equator (i.e., 32.08) in order to obtain the 

mass of the casting. 

In engineering calculations the distinction between the 
true weight and the apparent weight is seldom necessary. 
Thus, the weight of the casting would be stated as 150 
pounds even tho it be at the equator and not in latitude 
45°. This is equivalent to assuming the acceleration of 
gravity as constant and equal to 32.17 over the whole 
surface of the earth. This assumption will never cause 
an error of more than, say, one-half of one per cent, a 
negligible error in engineering calculations. We may 
thus state that, 

for practical purposes the mass of a body is its weight 
(as determined by means of either a common or a 
spring balance) divided by 32.17. 

The unit of velocity is the foot per second. 

The unit of kinetic energy is the foot-pound. 
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Exercise 43. Show that kinetic energy and work have 
the same dimensions and may therefore be measiired in the 
same units. 

The kinetic energy of translation of a body is 

2 
where M is the mass of the body and v the velocity of its 
mass-center. 
The kinetic energy of a rotating body is 

2 
where / is the moment of inertia of the body about its 
axis of rotation and oi is the angular velocity of the body 
about the same axis. 

The moment of inertia of a body is defined by 
I = Smr^, 
where m is the mass of any particle of the body and r its 
perpendicular distance frorh the axis of rotation. 

The unit of moment of inertia is the moment of inertia 
of a unit of mass concentrated at a unit distance from 
the axis of rotation. 

It is convenient to express the moment of inertia of a 
body in terms of the radius of gyration, k, defined by the 
equation / 7 

where I is the moment of inertia of the body about the 
axis considered and M is the total mass of the body. 

The unit of angular velocity is the radian per second. 
Thus n revolutions per minute would equal an angular 

velocity of — — radians per second. 
00 
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The kinetic energy of a free body both translating and 
rotating is 

Mv I^^ 

2 2 

where M is the mass of the body, v the linear velocity of 
its mass-center, I the moment of inertia about the axis 
of rotation passing thru the mass-center, and co the 
angular velocity about this axis- of rotation. 

Exercise 44. From the definition of the kinetic energy of 
a particle show that the kinetic energy of a rotating mass is 

2 
and define the meaning of these letters. 

Section VI 

PRINCIPLE OF WORK 

Whenever a free body is acted on by forces the sum of 
the work due to all of the forces (taken with their proper 
signs) always equals the change in kinetic energy which 
occurs during the action of these forces. 

This law is a special form of the 
general law of conservation of 
energy. The work done by all of 
the forces acting upon a body must 
be stored in this body as kinetic 
energy. As a simple application of 
this principle let us find the number 
of revolutions, x, that a fly-wheel Fns- 24 

rotating at the rate of n revolutions per minute would 
make before coming to rest. Fig. 24 represents the 
wheel as a free body. The forces acting upon it are its 
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weight, W; the friction forces, totaling to F pounds, 
which act tangentially at the surface of the journal; 
and the normal forces N. 

Of all these forces friction is the only one effectively 
displaced and thus the only force doing work. This 
work equals — 2 wrxF. The loss in kinetic energy is 
,/2jrwY 



■f 



60 / ii^»^/ 



1800 



where I is the moment of inertia of the fly-wheel about 
its axis of rotation. 



Thus — 2 irrxF = ■ 



1800 



or X = — revolutions. 

3600 rt 

In this discussion F represents the mean frictional 
force during the interval imder discussion. If F is con- 
sidered constant then the resulting constant angular 
retardation of the wheel can be found by means of the 
well-known equations for angular motion tinder constant 
angular acceleration, namely: 

03 = at -{- Wo, 



(1? = laQ -\- (U)o^, 



which are 
analogous to 



V = at-\- Ho, 



the equations for hnear motion under constant accelera- 
tion. 

By means of w^ = 2 a0 -(- wo^, where 
w, the final angular velocity, equals zero. 

Wo, the initial angular velocity, equals -^ radians per 
second. 
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d, the angular displacement, equals 2 ttx radians, we have 



I ^ » /If 



2d 4 irX 3600 X 

rF 
= Y radians per second per second. 

Exercise 45. The rotor of a dynamo has a moment of 
inertia of 300 units about its axis of rotation and is brought 
to rest from a speed of 1000 revolutions per minute after 
making 200 revolutiofls. What total mean torque, expressed 
in pound-inches, must have acted upon the rotor during the 
retardation ? 

Exercise 46. Assuming the torque in Ex. 45 as con- 
stant, what kinetic energy did the rotor possess after making 
100 revolutions ? 

As another application of the principle of work con- 
sider a cylinder rolling down an inclined plane, Fig. 25. 
The forces acting upon this 
cylinder are its weight, W; a 
normal reaction, N; and a fric- 
tion force, F, at the point of 
contact between cylinder and 
plane. The friction is assumed ^^- ^s 

sufficient to cause pure rolling motion, and as no sliding 
occurs the friction force, F, suffers no effective displace- 
ment and does no work. 

Thus to find the velocity of the mass-center of the 
cylinder after it rolls a distance of 5 feet from rest down 
the plane we have, 

work done = -f Ws sin 6, 




change in K.E. = 1 

2g 2g 
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where k is the radius of gyration of the cylinder about its 
geometrical axis. Here 

2 

thus Tyssm9 = 1 = (^ b 

2g 4? g \4/ 



and z)^ = - g5 sin 0. 

3 

Note carefully that at any instant v = oir, where v is 
the linear velocity of the mass-center and co is the corre- 
sponding angular velocity about an axis perpendicular 
to the plane of the paper (in Fig. 25) and thru its mass- 
center. 

Exercise 47. How fast and in what direction is a par- 
ticle on the cylindrical surface and vertically above the 
point of contact in Fig. 25 moving at any instant ? 

Exercise 48. Compare the velocities of a sphere and a 
cyUnder having equal masses and equal radii after they roll 
from rest down equal distances on an inclined plane. 

Exercise 49. Compare the K.Es. of the sphere and 
cylinder in Ex. 48. 

Exercise 50. Referring to Fig. 2, what velocity would Wz 
attain after W\, moving with an initial velocity of Va feet per 
second, rises 5 feet ? Consider the wheel and the axle as 
cylinders of masses M and m respectively and neglect the 
mass of the shaft and all frictions. 

Exercise 51. Referring to Fig. 26 which represents a 
machine in which the force applied to a hand-wheel is trans- 
mitted by means of bevel gears, a worm and wheel, and spur 
gears to a drum 6 inches in radius, 

(a) what displacement of W results per turn of the hand- 
wheel? (P.D. = pitch diameter.) 

(b) what weight W can be raised with constant velocity 
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by a force of 30 pounds applied tangentially to the handle of 
the hand-wheel ? 

(c) If the efficiency of each pair of spur and bevel gears is 
90% and that of the worm and wheel is 40% including the 
friction of the corresponding bearings, what weight W can be 
raised by means of the force applied in (b) ? 




Fig. 26 



Tractive Force of a Locomotive. In all applications of 
tifcie principle of work it is exceedingly important to fix the 
attention upon some part (or connected parts, or even the 
whole) of the mechanism in question and to represent it 
as a free body showing all the forces acting upon it. 

• In the case of a locomotive, when the tractive force is re- 
quired, the whole mechanism may be considered as a free 
body (represented diagranamatically in Fig. 27). Here 
the forces acting are the weight, W; the normal reactions, 
N and Ni, on the wheels; the mean effective steam force, 
P, acting both upon the piston and the cylinder head; 
the tractive force, T; and the adhesion, F, between 
the drivers and the rails. This adhesion is a friction 
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force which prevents the drivers from slipping upon the 
rails. This adhesion is not displaced, in the usual sense, 
and so does no work as the locomotive advances, pro- 
vided slipping does not occur. All other frictional forces 
are purposely omitted; these will be studied later. 




To avoid complications consider the locomotive run- 
ning at a constant velocity so that its kinetic energy 
does not change. Under this condition the work done 
by all the forces acting upon it as a free body must sum 
to zero. 

As a convenient displacement consider one stroke of the 
piston or one-half a revolution of the drivers; then the 
force, P, on the cyHnder-head does work to the extent 

of {Pi:R), 
the force, P, on the piston does work to the extent of 

-P{TrR-2r), 
the force, T, on the frame does work to the extent of 

- T (tR), 
and all other forces do no work. 
Thus - T (tR) - P (xi2 - 2 r) + P (xJ?) = o, 

2rP 



or 



T = 



tR 



when one cylinder only is considered. 
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In any application of the principle of work, such as the 
above, numerous forces other than those shown in Fig. 
27 act thruout the mechanism. For instance, a force is 
transmitted to the frame at the bearings carrying the 
journals of the drivers; this force is not shown in Fig. 27 
for the frame is not considered the free body, since both 
frame and drivers form the unit considered. Also, any 
work done by this force transmitted from journals to 
frame would in the present discussion be counterbalanced 
by the equal work done by its equal reaction, the force 
transmitted from frame to journals. 

It is also important to note that the value of T found 
above is the mean tractive force, for during the dis- 
placement considered various parts of the mechanism 
(such as the piston, connecting-rod, etc.) change their 
velocities and thus their kinetic energy. Any energy 
absorbed during the cycle considered above is returned 
before the end of the cycle is reached so that a true mean 
value is obtained. The actual variation in the velocities 
or the accelerations which occur will be studied later. 

Exercise 52. Solve the above problem when the relative 
motion of the piston is forward. 

Exercise 53. Solve the above problem by considering 
as free bodies first the rotating and oscillating parts of the 
locomotive (thus finding the force exerted by the frame upon 
the journals of the driving-wheel axle) and then the frame 
itself. The crank is to be taken in the position shown in 
Fig. 27. 

Exercise 54. Same as Ex. 53, but the piston is to be 
considered during its forward stroke. 

Exercise 55. What should be the mean effective pressure 
in the two cylinders of a single expansion locomotive having 
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5-foot drivers, a stroke of 2 feet, a piston area of 100 square 
inches, and developing a tractive force of 2000 pounds ? 

Exercise 56. (a) Why should passenger engines have 
drivers of larger diameter than freight engines ? 

(b) What is the relation between the tractive force and 
the adhesion ? 

Exercise 57. Express the tractive force of a locomotive 
in terms of d, the diameter of the cylinder in inches; D, the 
diameter of the driving-wheel in inches; S, the. stroke in 
inches; and p, the m.e.p. in pounds per square inch. 

Exercise 58. Show that the resistance which a train 
weighing W tons offers to acceleration whUe changing its ve- 
locity from Fi to F2 miles per hour during a run of one mile 
is 0.0126s (Fi!^- Vf)W. 

Exercise 59. A locomotive running on a level track 
brings a train weighing 1 20 tons to a speed of 30 miles per hour 
in 2 minutes. If the resistance due to friction is 8 pounds 
per ton, what force does this require at the draw-bar ? 

Exercise 60. (a) What work is done in bringing the 
train in Ex. 59 to speed? 

(b) What H.P. does the locomotive deliver at the draw- 
bar at the instant that the train attains a speed of 30 miles 
per hour? 

Exercise 61. (a) What relation exists between the trac- 
tive force, T pounds; the speed, F miles per horlr; and the 
horse-power, H.P., delivered at the draw-bar of a locomotive. 

(b) What is the greatest speed a locomotive can attain 
when developing a given H.P. and overcoming a given re- 
sistance ? 

(c) In coming up to speed what quantities in the answer 
to (b) vary? 

Exercise 62. (a) What tractive force is required to haul 
a train weighing W tons up a grade of h feet per mile at a 
constant velocity of F miles per hour ? (Neglect all friction.) 

(b) What H.P. does this require ? 
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Steam Pressure Required to Start a Locomotive. — 
Fig. 28 represents the driving wheel of a locomotive, 
with the crank vertical and above 
the axle, as a free body. 

P is the horizontal component of 
the force transmitted thru the con- 
necting-rod and equals the total 
force exerted upon the piston by the 
steam at the instant considered. 



Exercise 63. Prove that the last 
statement is correct. 




Fig. 28 



S is the force transmitted by the frame of the loco- 
motive to the journals of the driver. 

Considering the driver in equilibrium and taking 
moments about O (why about 0?), 

we have P {r + R) = SR (i) 

The only horizontal forces (neglecting friction) acting 
upon the frame wiU be the force, P, exerted by the steam 
on the cyHnder head and acting towards the left, the 
tractive force also acting towards the left, and the force, 
S, towards the right. (Sketch the frame as a free body.) 
Thus, for eqviiHbrium we have 

T + P = S (2) 

From (i) and (2) by elimination of 5 we obtain 



Exercise 64. What force exerted on the piston by the 
steam is required to start the locomotive when the crank is 
vertical and below the axle of the driver ? 
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Exercise 65. (a) How great a force at the draw-bar 
will cause slipping of the drivers in terms of a given adhesion, 
F, and an unlimited steam pressure ? 

(b) Why is the crank in the above discussion assumed 
vertical? Does this detract from the generality of the 
solution? 



CHAPTER n 

REVIEW OF THE PRINCIPLES OF CO- 
PLANAR STATICS* 

Statics is that branch of mechanics in which the rela- 
tions existing between forces acting upon a body at rest, 
or moving without acceleration, are discussed. 

Section VII 

RESULTANTS OF COPLANAR FORCES 
A. Concurrent Forces 

Graphically. — Let the given forces be represented in 
Fig. 29 (a). 

Fig. 29 (b) shows the given forces placed end to end, 
forming the polygon of the 
forces. The line ae (note 
carefully its direction) is the 
resultant of the given forces; 
a force parallel and equal to 
it passing thru the common 
point of intersection of the (&) 

given forces in Fig. 29 (a) ^Z——-^--^-- 

would correctly replace the Fig. 29 

given forces. 

In constructions such as the above, two cases may 
occur: 

* For a fuller discussion and the necessary proofs see Martin, 
" Text-Book of Mechanics," Vol. I. 

4S 
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(i) a and e in the polygon of forces may not coincide, 
in which case ae is the resultant of the given forces. 

(2) a and e may coincide; then the resultant of the 
given forces is zero, and the forces are in equiUbrium. 

Analjrtically. — The forces shown in Fig. 29 (a) can 
be resolved into components along any two directions 
at right angles to each other; if the sums of the compo- 
nents along these Knes are represented by SX and 2F 
respectively then the resultant, R, is 

R = ■v/(2X)2 + (SF)2, 

and its direction referred 
to the axis of X is 
2F 

Here we have for 
equiUbrium SX = o and 

SF = o. 

B. Any Given Set of 
Forces 

Graphically. — Let the 
given forces be repre- 
sented by the full lines 
in Fig. 30 (a) ; then Fig. 
30 (b) shows the corre- 
sponding polygon of forces. Here ae represents the 
resultant in magnitude and direction. To find its posi- 
tion select any point 0, Fig. 30 (b), as pole and draw the 
rays oa, ob, oc, etc. Then in Fig. 30 (a) construct the 
funicular polygon oa, oh, oc, od, and oe, these lines being 
respectively parallel to the rays of like name. Prolong 
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the first and the last side of the funictilar polygon {oa and 
oe) until they intersect and thru this intersection draw 
ae, the resultant. 

Figs. 30 (a) and 30 (b) are called reciprocal figures; 
the lines parallel to any three intersecting Knes, such as 
oa, ab, ob, or oc, cd, od, etc., in the first figure will always 
form a triangle in the second figure. Also, note that in 
Fig. 30 (a) 

oa and ob intersect on ab, 

oc and od intersect on cd, 

oa and oe intersect on ae. 

In constructions such as the above, three cases may 
arise: 

(i) a and e m the polygon of forces. Fig. 30 (b), may 
not coincide; then ae is the resultant of the given set of 
forces located as in Fig. 30 (a). 

(2) a and e in Fig. 30 (b) may coincide; then oa and oe 
in Fig. 30 (a) must be parallel. In this case the resultant 
force ae is zero; if oa and oe in Fig. 30 (a) do not coincide, 
a resultant couple, whose forces are ao and oe in the poly- 
gon of forces. Fig. 30 (&), and whose arm is the perpen- 
dicular distance between the sides oa and oe in the 
funicular polygon, Fig. 30 (a), is the equivalent of the 
given forces. 

Exercise 66. Change the force de in Fig. 30, so that 
the set of given forces has a couple as resultant. Indicate 
clearly the distance which must be measured in order to com- 
pute the moment of the resultant couple; also indicate the 
magnitude of the forces forming this couple. 

(3) a and e in Fig. 30 (b) may coincide and oa and oe 
in Fig. 30 (a) may also coincide. Under these conditions 
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there exists neither a resultant force nor a resultant 
couple. The given forces are in equilibrium. 

Exercise 67. Again change the force de, Fig. 30, in mag- 
nitude and position so that the given forces shall be in equi- 
librium. What becomes of the couple present in Ex. 66 ? 

Exercise 68. Assume a horizontal force, a vertical force, 
and an oblique force and arrange them in three separate 
diagrams so as to Ulustrate the above three cases. 

Analytically. — The given forces may be referred to 
any two rectangular axes. Let the sum of the x and y 
components of the given forces be XX and SF. 

Then the resultant R will have the magnitude 



R = V(SX)2 + (SF)2, 
and its direction with the X-axis will be 

If the sum of the moments of the given force with 
respect to the origin of coordinates is XM, then the inter- 
cept of the Une of action of the resultant on the X-axis is 

SF* 

It follows that the given forces are in equilibrium 
when XX = o, SF = o, and XM = o. 
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Section VIII 

EQTJILIBRroM OF COPLANAR FORCES 

Graphical Solution 

I. Equilibrium of Three Forces 

Whenever three forces are in equilibriiun their Unes of 
action either intersect in a common point or are parallel. 

Exercise 69. Demonstrate the above fact. 

Under these conditions only two unknown quantities 
can exist in any definite problem. Either the magni- 
tudes of two forces must be imknown or the magnitude 
and direction of one force must be unknown, all other 
quantities being given. Fig. 31 (a) and (b) illustrates a 
solution by means of the triangle of forces for non- 







a 
\a „ 
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Fig. 32 



parallel forces and Fig. 32 (a) and (b) illustrates a solu- 
tion in the case of parallel forces by means of a fxmicular 
polygon. 

In Fig. 31 (a) the known force ab and the directions of 
the forces be and ca are given. The unknown magni- 
tudes are determined in Fig. 31 (b) by the intersection 
of the lines be and ac as shown. 

In Fig. 32 (a) the magnitudes of two forces {be and ca) 
are unknown. The funicular polygon, constructed by 
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means of the polygon of forces, in Fig. 32 (a) determines 
the direction of oc (the last line to be drawn); this in 
turn locates c in Fig. 32 (b). 
Note that here again 

oa intersects 6b on ah, 

oh intersects oc on he, 

oc intersects oa on ac, 

and that both the polygon of forces and the funicular 
polygon "close" without the introduction of new forces. 

Exercise 70. Assume two known forces and find a 
third wholly unknown force necessary for equilibrium, 

(a) when the known forces are parallel, 

(b) when the known forces are not parallel. 

II. Equilibrium of Four Forces 

Whenever four forces are in equilibrium the resultant 

\ , 6 °^ ^'^y ^^*^ °^ them must be equal 

~/\ c~ in magnitude and opposite in di- 

"'^b \ rection to, and have the same line 

fa) \ ^ °^ action as, the resultant of the 

^^ ^* / other two. This fact suggests 

\\/ the simple graphical construc- 

/V^^ tion for finding the unknown 

\ quantities in problems involving 

four forces in eqiiihbrium illus- 

fe) /^ trated in Fig. 33 (a) and (b). 

^ \ /^ Here one force, ah, is wholly 

«\ known and only the lines of 

^'°- 33 action of three other forces are 

given; thus the magnitudes of these three forces must 

be foimd. 
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The resultant of ab, the known force, and be must pass 
thru the intersection of their lines of action. Also, the 
resultant of cd and da must pass thru the intersection of 
their lines of action. Therefore, the dotted-dashed line 
is the line of action of this resultant. 

In Fig. 33 (b) starting with ab we can construct the 
triangle of forces abc; here ac (note the direction) is the 
resultant of ab and be. Now ca (the reverse of ac) must 
be the resultant of cd and da, obtained from the second 
triangle of forces eonstructed upon ca as base. The 
magnitudes of be, cd, and da are thus determined. As 
the four forces considered are in equilibrium the arrows 
representing them in Fig. 33 (b) follow each other about 
the polygon without reversal. 

In a problem involving the equilibrium of four forces 
only three unknowns are permissible, if the problem is to 
be statically determinate. 

Exercise 71. What other combinations of unknowns 
are permissible in the case of four forces in equilibrium? 
(Sketch and solve.) 

III. Any- Set of Forces in Equilibrium 
In the general case of a determinate problem in co- 
planar forces in equilibrium three imknown quantities 
are permissible. 
Any force may have three imknown constituents, i.e. : 

(a) its magnitude, 

(b) the direction of its line of action, 

(c) any point on its Kne of action. 

Hence the following three important cases, involving 
three unknown quantities in problems concerning co- 
planar forces in equiHbrium, may arise. 
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1. One force wholly unknown, all other forces fully 
determined. 

2. One force unknown in magnitude, another force 
unknown in both magnitude and direction, but having 
given one point on its line of action, and all other forces 
fully determined. 

3. Three forces all of unknown magnitude, but having 
their hues of action fxilly determined, and all other forces 
wholly determined. 

The method of procedure in the graphical solution of 
any of the above problems is as follows: 

(a) Letter the forces in the usual manner, i.e., ah, be, 
etc., always ending the last force with a, thus xa, and 
always lettering the known forces first and the most 
unknown last. 

(b) Construct as much of the polygon of forces as the 
given forces permit. 

(c) Draw the possible rays from any pole, 0, and con- 
struct the funicular polygon, oa, ob, etc. 

(d) Draw the ray corresponding to ox (the last side of 
the funicular polygon) and by means of it close the poly- 
gon of forces, thus determining all unknown quantities. 

In coimection with (c) the following directions must 
be carefully followed. Thus in 

Case I, in which nothing is known about the unknown 
force, the funicular polygon may be started anywhere 
and the intersection of the sides oa and ox determines a 
point on the unknown line of action. 

Case II, in which one point on the line of action of the 
otherwise unknown force is known, the funicular poly- 
gon must be started at this known point and its final 
side ox must end at this same point. The ray parallel 
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to OX SO determined will assist in closing the polygon of 
forces. 

Case III. The funicular polygon must be started at 
the intersection of the hnes of action of the last-named 
unknown forces and the next to the last side ow must 
end at this same point. The side ox will then be found 
to reduce to a point. The ray parallel to ow assists in the 
closing of the polygon of forces. 

Exercise 72. A^ume four wholly known forces and 
sufficient other forces to establish the three above cases and 
sketch the solution of each. 

Analytical Solution 

In the analytical solution of any statical problem the 
magnitudes of the unknown forces should be represented 
by letters. A force unknown in direction and magnitude 
should always be replaced by a horizontal and a vertical 
component. The two unknown quantities then become 
magnitudes and the idea of direction, as such, is elimi- 
nated. 

The solution of the equations 

2X = 0, SF = o, Sikf = o 

will then yield the three unknown magnitudes. 

In case only one force is wholly unknown the unknowns 
in the above equations will be two magnitudes (the com- 
ponents of the unknown force) and a distance which will 
serve to locate the position of this force relatively to the 
known forces. 
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CHAPTER III 
TWO-DIMENSIONAL STRUCTURES 
Section IX 

ABUTMENTS AND THE FORCES THEY TRANSMIT 

In order to investigate the forces transmitted by the 
members of any structure the reactions of the abutments 
must usually be found. 

These reactions are then considered as 
external, applied forces and form part of 
the total forces which the structure must 
resist. 

Various forms of abutments are shown 
in Fig. 34. Sketch (a) illustrates a Solid 
Anchorage; (b) a Pin or Hinge Abut- 
ment ; (c) a Roller Abutment ; and (d) a 
Pin-Roller Abutment which may be re- 
placed by (e), an abutment in which a 
single roller transmits the force. In the 
following discussion all frictional forces 
are neglected. 

In an abutment such as illustrated in 
Fig. 34 (a), the force representing the 
reaction of the fotmdations upon the 
structure is whoUy miknown. It may 
have any direction, its line of action may 
pass thru any point, and it may have any magnitude; 
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all this of course consistent with the strength of the 
parts involved. 

The reaction of an abutment such as illustrated in 
(b) has one point on its line of action determined: it 
must pass thru the center of the pin-bearing. Otherwise, 
as regards magnitude and direction, it is undetermined. 
The reaction exerted thru a bearing such as (c) must be 
vertical (normal to the plates bearing the rollers) but it 
is otherwise imknown. 

In (d) the reacfion must not only be normal to the 
plates with which the rollers are in contact but must also 
pass thru the center of the pin bearing. Thus the only 
unknown quantity involved in the determination of this 
reaction is its magnitude. 



W\ 




Fig. z% Fig. 36 Fig. 37 

Exercise 73. Show the bodies sketched in Figs. 35, 36, 
and 37 as free bodies and find graphically all external forces 
which must be supplied by the abutments for equilibrium. 




100* 
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100* 



Fig. 38 Fig. 39 

Exercise 74. Find graphically and analytically the 
abutment reactions upon each of the frames loaded as shown 
in Figs. 38 and 39. 
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Fig. 40 



Exercise 75. If the beam 
in Fig. 40 weighs 20 pounds per 
foot run and the uniformly dis- 
tributed load is 10 pounds per 
foot run, find the reactions 
graphically and analytically. 



Section X 

IDEAL FRAMES 

A jointed frame is a structure composed of members 
joined at their ends only by means of pins which allow 
hinge-like motions between connected members. To 
prevent this possible motion between the members the 
fimdamental unit of which the frame is composed must 
be the triangle. 

Frames satisfying the conditions just described are 
called complete frames. If the number of members is 
insuf&cient to prevent deformation (other than elastic 
deformation) the frame is called a deficient frame. In 
this case the frame will stand only if the joints are suffi- 
ciently stiff to resist any possible deformation. A frame 
having more members than are necessary to resist def- 
ormation is called a redundant frame. In such frames 
the lengthening or shortening of the redundant member 
(i.e., by means of a tumbuckle) will stress other members 
irrespective of any applied forces. The stresses in such 
frames depend greatly upon the accuracy in fitting the 
members. The computation of the stresses involves the 
elasticity and stiffness of the various members, so that 
they cannot be calculated by the principles of statics 
alone. Redimdant frames are therefore classed with 
statically indeterminate structures. 
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Ideal Frames. — An ideal frame is a jointed frame 
whose pins are considered frictionless and which is loaded 
at the joints or pins only. 

Thus the members of an ideal frame should properly 
be considered weightless. If their weight is to be taken 
into account it must be divided into two components 
and these must be added to the loads already acting on 
the pins at the ends of the member considered. 

Any load to be carried at any point other than a pin 
should be borne by a beam which in turn distributes the 
load to the pins upon which it iiooo* 

rests. Even if the load is not ,a) j*~^-"T ^' — "^ 

so carried it may for purposes ^ 3 

of calculation be considered dis- i^# 

tributed as above described. 

Exercise 76. 'By •wha.t equivalent . . 
pin loads can the loads shown in 
Fig. 41 (a) and (b) be replaced? ^^ 

The members of ideal frames !' -'i"^ ^''1'= '"^ 
are subject to tension and com- ^'°- 4^ 

pression only; when in tension they are called ties, and 
when in compression, struts. 

The stresses in the members of ideal frames may con- 
veniently be found by the following methods : 

I. The Method of Sections. 

(a) Ritter's Method (analytical). 

(b) Culmann's Method (graphical). 

n. By Means of Stress Diagrams, also known as Max- 
well or Cremona diagrams. 
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I. Method of Sections 
This method is particularly valuable when the stress 
in only one given member of the frame is required. It 
derives its name from the fact that the frame is con- 
ceived as divided into two parts by an imaginary cut or 
" section." Either portion may then be treated as a 
free body in equilibrium. The " section " dividing the 
frame into two parts should never cut more than three 
members whose stresses are unknown, for otherwise 
more than the allowable number of unknowns would be 
introduced into the problem. 

(a) Ritter's Method 
The analytical solution can best be illustrated by a 

concrete problem. 

Let Fig. 42 (a) repre- 
sent the frame and its 
loading and let it be 
required to find the 
stress in the marked 
(x) member. 

A section should be 
passed cutting this 
marked member and 
separating the whole 
frame into two parts, 
but this section must 
not cut more than two 
other members, three 
in all. 

The resulting parts of the frame are shown as free 
bodies in Fig. 42 (b). Here besides the loads and the 




Fig. 42 
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reactions are shown the forces (S, R, T) replacing the 
cut members. The reactions of the abutments must be 
foimd by calculations made upon the frame as a whole, 
considered as a free body. 

As both parts of the divided frame are in equiHbrium 
under the action of the forces shown, either part may be 
used to calculate the magnitude of S, the required stress. 
For convenience use the simpler left-hand part. 

Taking moments about the intersection of the lines of 
action of the forceS R and T (Why?), 

we have S moments = — 12 5 — 3000 = o, 

where the arm (12 feet) of the force 5 may either be com- 
puted or it may be scaled from an accurately drawn 
diagram of the frame. 

Thus, 5 = — 250 pounds. 

To interpret the minus sign in S = — 250 pounds, note 
that the arrows representing the forces transmitted by 
the cut- members (Fig. 42 (b)) indicate tensions in all of 
the cut- members, for these forces indicate pulls upon the 
pins involved. They should always be so drawn. The 
minus sign shows that in the case of the force S the direc- 
tion of this arrow was incorrectly assumed; in fact 
it should have been reversed. Therefore the forces S 
actually push upon the pins involved and the member 
replaced by the forces 5 is in compression to the extent 
of 250 poimds. 

A minus sign always indicates compression and a 
plus sign always indicates tension, provided the arrows 
are always originally assumed as pulKng upon the pins 
involved. 



6o 



APPLIED STATICS 



800* 



Exercise 77. Show that the other "rods cut in Fig. 
42 (b) are both in tension, one to the extent of 121 pounds 
and the other to 133 pounds. 

Exercise 78. Find the stresses in the other horizontal 

members of the frame shown 
in Fig. 42. 

Exercise 79. What are 
the stresses in the vertical 
members of this same frame? 
Exercise 80. Find the 
stresses in the marked (X) 
members of the frame shown 
in Fig. 43. 

■ ^^ Exercise 81. Find the 

stress in the central lower horizontal member of the frame 
shown in Fig. 38. 

Exercise 82. What are the stresses in the vertical and 
horizontal members nearest the wall in Fig. 39 ? 




(b) Culmann's Method 

Culmann's Method is a graphical method for obtain- 
ing the stress in any member of an ideal frame by means 
of the method of sections. 

To illustrate consider the stress in the marked member 
in Fig. 42 (a) . 

Fig. 44 (a) shows the frame as a free body and by means 
of the force polygon, Fig. 44 (b), and its funicular poly- 
gon the reactions de and ea have been determined. Now 
cut the frame into two parts, supplying the forces S, R, 
and T to replace the cut members and consider the equi- 
librium of the left-hand part of the frame. 

The external applied forces ab and ea can be replaced 
by their resultant eb whose line of action passes thru the 



TWO-DIMENSIONAL STRUCTUEES 



6l 



intersection of the sides ob and oe of the funicular poly- 
gon. In this manner the forces acting upon that part of 
the frame considered may always be reduced to four in 
number; in this case to the resultant, eb, and S, R, and T. 




Fig. 44 



The solution can now be completed, by the method out- 
lined imder the equilibrium for four forces, as indicated 
by the heavy lines in the figure. These results may be 
obtained just as readily by considering the right-hand 
part of the frame as a free body. Do this. 
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Exercise 83. Find the 
stresses in members (a) and (b) 
in Fig. 45, by Culmann's method. 

II. Stress Diagrams 



The method for finding the 
^'°' ^5 stresses in the members of 

ideal frames by means of stress diagrams, also called 
Maxwell or Cremona diagrams, is particularly useful 
when the stresses in all the members of the frames are 
desired. It should also be noted that this method serves 
as a check upon itself so that serious errors are not Ukely 
to pass imobserved. 

As in all graphical work, notation is here of prime 
importance. In Fig. 46 (a) the notation already used 
in connection with funicular 
polygons is applied to the mem- 
bers and to the external or 
applied forces of a frame. 

Thus the applied forces are: 
the loads, ab, be, cd, and the 
reactions of the abutments, de 
and ea. Here the forces are all 
lettered counterclockwise about 
the frame. Appl3H[ng the same 
notation to the members of the 
frame we might designate the 
rafters as id, zc, 36, and 411; the horizontal members would 
be le and 46; the remaining members are 12, 23, and 34. 
Note that as few numbers and letters as possible have 
been used and to avoid repetition of numbers and letters 
the notation shown in Fig. 46 (b) will be adopted. 



0, 


c 


b 

Kb' 


a 




yi. 


^ 




(., x< 


><x 
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In the above notation any pin is named by stating in 
succession the names of all areas surrounding it and 
always in the same rotation as is used in naming the 
applied forces. Thus the pin at the apex of the frame in 
Fig. 46 (b) is 236C2 or &C23& but not 2C632, for a counter- 
clockwise rotation was originally used in naming the 
appHed forces. 

Not only does bc23b signify a pin of the above frame 
but it also designates all forces acting upon this pin. 
Thus the forces acting upon the apex pin are be, C2, 23, 
36, the first being an external force and the last three 
being the forces transmitted to this pin by the members 
joined by it. 

Again, the forces acting upon the pin over the left 
abutment are de, ei, and id; or, more simply, deid. 

The naming of the forces acting upon any pin should 
always begin with the known forces and end with the 
unknown forces of which there should never be more than 
two. This is essential, for the forces acting upon any 
pin will always be concurrent forces in eqmhbrium. As 
their polygon of forces must close the known forces must 
be laid down first, and not more than two miknown forces 
can be determined as regards magnitude by the closing of 
this polygon. 

Consider now the equiUbrium of the various pins in 
the frame shown in Fig. 47. Here each pin is shown as a 
free body, the forces acting upon it are named, and its 
polygon of forces is shown. Finally the corresponding 
stress diagram is shown. Tliis simply consists of the 
separate polygons of forces in adjacent positions, thus 
avoiding unnecessary repetition of lines . The separate 
polygons of forces are never drawn in applying this 
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method of solution; the stress diagram should be con- 
structed directly from the diagram of the frame with the 

help of the notation 
explained above. 
The dotted lines in 
the stress diagram of 
Fig. 47 indicate the 
portion not shown 
in the separate poly- 
150* gons of forces above 
it. 

In stress diagrams 
the arrow-heads 
upon the hnes show- 
ing the stresses in the 
members should be 
omitted, for in the 
complete figure each 
of these hnes would 
have two arrow- 
heads in opposite 
directions. 

To discover from 
the stress diagram 
whether anymember 
is in tension or com- 
pression proceed as 
follows: 

Consider the 

Fig- 47 member C2 or 2C. If 

its action upon pin 6C2346 is considered its name is C2 

(and not 26). Referring now to the stress diagram, the 
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direction C2 shows that this member is pushing upon pin 
bc234b ; thus this member must be in compression. The 
same member considered as acting upon pin cdi2c is 
now known as 2c (not 02) ; again referring to the stress 
diagram the direction 2c shows that this member is 
pushing upon pin cdi2c; thus again indicating compres- 
sion in the member. 

As another illustration consider member 36. Its name 
in connection with pin 16321 is e^. In the stress 
diagram ^3 indicates a force acting towards the right; 
thus member 63 pulls the pin 1^3 21 towards the right 
or the member must be in tension. 

Exercise 84. Sketch the stress diagram for the frame 
shown in Fig. 46 assuming loads of 200 pounds as shown and 
indicate ties with plus signs and struts with minus signs. 

Exercise 85. Find graphically the reaction of the abut- 
ments for the frame shown in Fig. 48. Then re-letter the 
100* 




Fig. 49 



frame diagram and draw its stress diagram. Indicate ten- 
sion and compression in the members with -|- and — signs 
respectively. 

Exercise 86. Check the results of Ex. 80 by means of 
a stress diagram. 

Exercise 87. Check Ex. 81 by means of a stress diagram. 
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Exercise 88. Find the stresses in all members of the 
frame illustrated in Fig. 49. 

The French or Fink Truss illustrated in Fig. 50, much 
used as a roof truss, offers some difficulty in the con- 
struction of its stress diagram. 

If the diagram is started with the forces acting on the 
pin at the left abutment then after three pins have been 
considered further progress is impossible by a continua- 
tion of the same process, because three unknown forces 
occur at each of the pins next in order. To continue 



Fig. so 

the stress diagram, the stress in some member may be 
found by some independent method and it may then be 
regarded as known. Thus the stresses in the horizontal 
tie rod may be found by the method of sections and then 
the pin upon which it acts will have only two imknown 
forces acting upon it. 

Exercise 89. Draw the stress diagram for the Fink 
truss of Fig. 50 assuming the loads to be 100 poimds each. 

The stresses due to oblique loading (due to wind) are 
found in exactly the same manner as above described. 
It will be only necessary to call attention to a simple 
method of finding the abutment reactions graphically. 
The oblique loading due to wind is considered normal to 
the surface of the roof and of course occurs only on one 
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side of it at any time. In Fig. 51 let the wind load on 
any one panel of the roof be 100 pounds. This pressvire 
is distributed to the pins by means of the rafters. As 
shown in the figure the end pins carry the load on one 
half of a panel. 

The abutment at the 
right can furnish a ver- 
tical reaction only; the 
one at the left a reaction 
in any direction. * The 
lettering of the forces 
should then be started 
as indicated and run 
clockwise about the 
frame. 

Now instead of ap- 
plying the funicular 
polygon to find these 
reactions, the resultant 
of the loads can readily 
be found and it, to- 
gether with the two reactions, constitutes a system of 
three forces in equilibrium. Thus the intersection of 
be (the line of action of the resultant load) and de serves 
to locate the direction of the left end reaction, and a 
triangle of forces can then be constructed to determine 
the magnitudes of the reactions. 

It should be carefully noted that the resultant load 
can only be used to determine the reactions and not to 
find the stresses. 

Exercise 90. Draw the stress diagram for the frame 
loaded as shown in Fig. 51. 
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Exercise gi. Assume the wind pressure to act upon 
the left slope of the roof in Fig. 51 and find the stresses in- 
duced in the members of the frame. 

In roofs of short span it is usual to anchor both ends 
of the truss, making no special allowance for expansion. 
Under these conditions the reactions at the abutment are. 
indeterminate as four unknown quantities now occur: 
a magnitude and a direction at each end. In such cases 
the reactions at both ends are assumed parallel to the 
wind-load forces. They can then be determined by 
means of a funicular polygon and the stress diagram can 
be constructed in the usual manner. 

Exercise 92. Assume both ends of the truss in Fig. 51 
fixed firmly to the supporting wall and construct the stress 
diagram. 

Exercise 93. Assume a wind pressure of 100 pounds per 
panel on the right slope of the frame in Fig. 49 and sketch the 
stress diagram due to the wind pressure only. 

Exercise 94. (a) Two ideal frames are similar in all 
respects but one is twice as large as the other. If their pin 
loads are the same, how do the stresses in the members com- 
pare? 

(b) Two ideal frames are identical in all respects but the 
pin loads on one are twice the loads on the other. How do 
the stresses in the various members of one compare with the 
stresses ia the members of the other ? 

Section XI 

FRAMES IN GENERAL 
In this section will be considered the forces acting upon 
the members of frames not necessarily loaded at the pins 
and in which the members may be continuous thru the 
pins connecting the various members. 
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Such frames are used in the construction of wharf and 
foundry cranes, derricks, etc. 

In the discussion of frames of this kind it should be 
remembered that members acted upon by forces at other 
points than the ends may be subject to bending stresses 
as well as simple tensions or compressions. Such mem- 
bers do not transmit forces along their center Hues. 

As an example con- 
sider the crane illustrated 
in Fig. 52. This crane is 
supported by a foot-step 
bearing at A and a collar 
bearing at B, and sup- 
ports a load of 8000 
pounds, slung from the 
pin C without pulleys 
or tackle. Assume the 
weight of the jib to be 
1500 pounds and the 
weight of the post 1200 
pounds. The forces act- 
ing upon each of the 
members of this frame 
are to be found. A knowledge of these forces is necessary 
in designing the various members of the frame. 

In a problem such as this the members cannot be 
assumed to be in simple tension or compression, as was 
the case in the ideal jointed frame. The jib EC, for in- 
stance, is subject to forces (its weight) not acting at its 
ends, therefore the forces with which the jib acts upon 
the pins at its ends will not have the center line of the 
jib as line of action. In this frame only the tie-rod CD 
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is in simple tension. It alone acts upon the pins at its 
ends in the direction of its length. Even this last state- 
ment is true only under the assumption that the weight 
of the tie-rod is neglected; this may be done because its 
weight is small in comparison to the force it transmits. 

To find the forces acting on the various members of 
this crane make free bodies of them as shown in Fig. 52. 
The pin C considered as a free body has acting upon it 
the load 8000 pounds, a force in the direction of the tie- 
rod unknown in magnitude, and a force transmitted thru 
the jib imknown in both direction and magnitude as 
indicated by the dotted line. The forces at C cannot be 
determined from it alone as there are too many unknown 
quantities. Consider next the post DA as a free body. 
On it, at D and B, act two forces unknown in magnitude 
and, at A and E, two forces unknown in both magnitude 
and direction, besides its known weight of 1200 pounds. 
Again we have too many unknowns to permit solution. 

The jib, however, has acting upon it only forces in- 
volving three unknown elements, i.e., a force of unknown 
magnitude at C (the tension in the tie-rod) and a force 
unknown in direction and magnitude at E (the force 
transmitted to the jib by the post). Appljdng the 
graphical constructions for equilibrium to the forces 
acting on the jib the unknowns can be determined. 

Now return to the post as a free body and note that 
the forces at E and D are equal in magnitude and oppo- 
site in direction to the forces just found; then the forces 
acting on the post at B and A may be found by another 
graphical construction. 

Exercise 95. Solve the above problem as indicated. 
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This problem may also be solved graphically by con- 
sidering the whole structure as a free body and so find- 
ing the forces acting upon the post at A and B. Then 
consider the jib as a free body and thus find all other 
required forces. 

Exercise 96. Find the reactions of the abutments for 
the crane shown in Fig. 52. 

Exercise 97. (a) Find these reactions if the members 
of the crane (Fig.jiSa) are considered weightless. 

(b) Find graphically the tension in the tie-rod and the 
compression in the jib under the conditions of (a). 
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The following analytical solution of the crane already 
discussed illustrates a general method of solution which 
may be appHed to any frame. 

In Fig. 53 the whole frame is shown as a free body. 
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From it the reactions Ei, Vi, and H2 of the abutments 
at A and B can be foimd. 

By moments about A 

12 Zfa = 240,000 + 22,500, 
or Hi = 21,900 pounds. 

The simi of the horizontal forces gives 

Hi — Ei = o :. Hi = 21,900 poimds. 

The sum of the vertical forces gives 

Vi — 1200 — 1500 — 8000 = o, 
or Vi = 10,700 pounds. 

In Fig. 53 is also shown each part of the frame as a free 
body. The pin C has acting upon it the load 8000 pounds, 
the forces Hz and V3 due to the tie-rod DC, and Hi and 
Vi due to the jib EC. At C on the tie-rod act E3 and F3, 
equal and opposite forces to Hi and Vz on the pin C; 
these represent the action of the pin C upon the tie-rod, 
etc. 

As each part of the frame is in eqmhbrium the follow- 
ing equations result from 

1^3=^4 . . 

. Vz + 8000 = Vi 

\Hi = ^6 



1' 

\H, = H, 

^\v, = v. 



Fs 
[H^=Ez 
DC\ Fs = F3 

iF3(3o) = F3(i2.s) 
\Ei=E, . . 
Eci Vi = 1500 + Vi 

Vi (30) 4- 1500 (15) = Ei (26.5) 



(i) 
(2) 
(3) 
(4) 
(S) 
(6) 
(7) 
(8) 
(9) 
(10) 

(11) 
(12) 
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As the problem still involves 12 unknown forces and 
there are 12 equations involving these unknown forces, 
the problem may be solved without the additional three 
equations obtainable from the post DA. This is due to 
the fact that three unknown forces Hi, Vi, and H2 have 
already been obtained by considering the whole frame as 
a free body. 

The equilibrium of the forces acting upon the post DA 
will serve as a check upon the solution of the above 12 
equations. • 

Referring to the above equations, by combining equa- 
tions (i), (2), (9), and (12) the following equation in- 
volving only Vi can be obtained, 

whence Vi = 15,810 pounds. 

From (2) V3 = 7,810 pounds. 

From (11) F7 = 17,810 pounds. 

Thus, Fs = Fs = Fe = 7810 pounds, 

H3 = Hi = Hs = H, = H-, = Hs= ^^^ = 18,750 pounds, 

12.5 

Vi = 15,810 poimds, 
and F7 = Fs = 17,310 pounds. 

Exercise 98. Show that the post in Fig. 53 is in equi- 
librium under the action of the forces found above. 

Exercise 99. How can the tension in the tie-rod be 
obtained from a single summation of moments? 

Exercise 100. If a counter-weight of 20,000 pounds, 
whose center of gravity is 9 feet to the left of the post in Fig. 
53, rests upon a horizontal member 12 feet long, which is 
fastened to the pin E and has its left end supported by a tie- 
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rod fastened to the pin D, find the forces then acting upon 
-_5£...4j...5:. J the post. 

j Compare the forces acting upon the 
I post with and without counter-weight 
and state the advantages of the counter- 
weight. 

Exercise ioi. Consider the mem- 
bers of the crane, Fig. 54, to be weight- 
less and find the forces acting upon each 
Fig. s4 member (a) graphically, (b) analytically, 

for the position of the load shown. 

Fig- 55 (b) shows a crane supported by a foot step and 
a crown of rollers. As shown, the post is enlarged in the 
form of a frustum of a cone 
and rollers or wheels are set 
with their axes coinciding 
with the element of the coni- 
cal surface. 

Exercise 102. Sketch a 
graphical solution showing (a) 
the reactions, (b) all forces 
acting upon all members of the 
cranes shown in Fig. 55. As- 
siune all members weightiess. 
What effect has the crown 
of rollers upon the foot-step 
reactions? 

In Fig. 56 is shown a crane 
with chain. If the load W 
pounds is supported by a 
single movable pulley then 

the tension thruout the chain is — , all friction neglected. 

2 
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Thus whenever any part of the crane is represented as a ' 

free body the action of the chain upon it must be replaced 

W 
by a force of — pounds whose line of action coincides 

2 

with the direction of the chain at its point of contact 

with the part considered. 

At the upper end of the jib the action of the chain 

W 
would be represented by three forces of — pounds, two 

2 

of which are verlacal, one passing thru the pin and one 
tangent to the pulley, and the 
third acting along the dotted 
line towards the pulley, A, on 
the post. 

In the following exercises 
the members of the crane are 
to be assumed weightless and 
the dimensions of the pulleys 
may be neglected, i.e., all, 
forces acting tangent to the 
pulleys may be assumed to 
pass thru their centers. This 
is usually done in practice 
when the diameters of the 
pulleys, as compared to the dimensions of the members, 
are small. 

Exercise 103. Find graphically the reactions of the 
abutments of the crane shown in Fig. 56. 

Exercise 104. Find all forces acting upon the jib of 
this crane. 

Exercise 105. Show the post of this crane as a free 
body and from it find all forces acting upon the post. 




Fig. s6 
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Exercise io6. What effect has the position of the pulley 
A (Fig. 56) upon the forces acting upon the various members 
of the crane ? 

Large cranes for heavy work are usually designed so 
that they may be treated as ideal frames, in so far as the 

weight of the mem- 
bers is neglected. 
In Fig. 57, the 
crane is supported 
on a circular base 
, which may rotate 
about a central pin 
and which rests 
upon rollers run- 
ning on a circular 
track having this 
pin as center. The 
boilers, engines, 
and counter-weight may be considered as loads of 100 
tons and 80 tons as shown. The central pin is anchored 
to the foundations by means of heavy bolts. The load 
of 150 tons is supported by a wire rope passing over four 
sheaves in the lower block and four sheaves in the upper 
block, thence, as shown, to the hoisting drum. 

Exercise 107. Find the forces exerted on the founda- 
tions by the crane shown in Fig. 57, (a) when supporting a 
load of 150 tons, (b) without load. 

Exercise 108. Sketch the stress diagram for this crane 
assiuning the members weightless and all forces acting at the 
pins. The load supported is 150 tons. 




CHAPTER IV 

SOLID STATICS 

Section XII 

THEORY AND APPLICATION 

In this section the equilibrium of forces acting in three- 
dimensional space will be considered. 

We shall follow the method given for coplanar forces 
in Vol. I of this Text-Book of Mechanics and apply it to 
forces acting in three dimensions. 

In Fig. 58 consider any force 
F whose line of action passes 
thru the point {x, y,z). It can 
be resolved into three com- 
ponents X, Y, and Z parallel 
respectively to the three axes 
of reference. 

Without disturbing the 
equilibrium of the system, two 
forces equal in magnitude and 
having the same line of action but being opposite in 
direction can be applied at the point {x, 0, z). Assiune 
these forces equal to X and parallel to the a;-axis. Apply 
a similar pair of forces at the origin as shown. 

Thus, instead of the component X of the force F, five 
forces, equivalent to X, may be used. Four of these 
form two couples, leaving one force acting at the origin 
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in a positive direction along the aj-axis. One of these 
couples (whose forces are marked /) lies in the plane 
xz, the other couple (whose forces are marked //) lies in 
a plane parallel to the plane xy. 

The signs of these couples are determined by the 
direction of rotation which they tend to impart to the 
coordinate axis which is perpendicular to their plane of 
action. If this rotation is such as would advance a 
right-handed screw in the positive direction along the 
coordinate axis then the couple is positive. 

Thus the moments of the above couples are 
— yX about the z-axis, 
+ zX about the y-axis. 

Treating the F component of F in a similar manner its 
action can be reduced to a positive force along the y-axis 
and to two couples whose moments are 

+ xY about the z-axis, 

— zY about the x-axis. 

(Draw a diagram, similar to Fig. 58, illustrating these 
couples.) 

By treating the z component of 7^ in a similar manner 
its action may be reduced to a positive force along the 
z-axis and to two couples whose moments are 

yZ about the ac-axis, 
and — xZ about the y-axis. 

(Draw a diagram, similar to Fig. 58, illustrating these 
couples.) 

As any force may be treated in the same manner as 
above illustrated for the force F it follows that any num- 
ber of forces may be reduced to the following three 
forces : 
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2X along any arbitrarily chosen as-axis, 

SF along any arbitrarily chosen y-axis, 

and SZ along any arbitrarily chosen z-axis; 

and to a set of three couples whose moments are 

S {yZ — zY) about the above ac-axis, 

S (zX — xZ) about the above y-axis, 

and S (acF — yX) about the above z-axis. 

For equilibrium of translation it follows that 

Sa; = q, Sy = o, and Sz = o. 
For equilibrium of rotation it follows that 
S iyZ-zY) = o, S {zZ-xZ) = o, and 2 (a;7-yZ) = o. 

Combining Fig. 58 with the similar figures sketched 
by yourself and referring to Varignon's Theorem of Mo- 
ments (Vol. I of this text-book, page 40), it becomes evi- 
dent that the "moments about the various axes," i.e., 
S iyZ — zY), etc., may readily be obtained by taking 
the sum of the moments of the projections of the forces 
upon the coordinate planes about the projection on 
the same plane of the axis normal to it as origin of 
moments. 

As an example illustrating the application of the above 
analytical principles of three-dimensional equilibrium 
consider the shaft represented in Fig. 59. A vertical 
force of 100 poimds acts upon a horizontal crank 10 feet 
long; the magnitude of a horizontal force acting on 
a vertical crank 5 feet long and the reactions of the bear- 
ings are required. 

As no force or component force acts along the length 
of the shaft the only forces which the bearings can be 
called upon to exert upon the shaft will be the forces 
Xi, Yi at the front bearing and X^, Y2 at the rear bearing. 
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Fig. 59 



and 



Let the directions of these reactions be assumed as shown 
Y,| in Fig. 59. 

As the system of forces 
acting upon the shaft and 
cranks as a free body 
(Fig. 59) is in equilibrium, 
the sum of the forces (or 
their components) in the 
direction of the three axes 
must each separately 
equal zero. Thus, 
-LX = gives X2 = F + Xi . . . (i) 
SF = o gives Fi + F2 = 100 ... (2) 

SZ = o gives = (3) 

Also the sum of the moments of the projections of all 
forces upon a plane parallel to the yz-plane about any 
point must be zero. Assuming the projection of the 
forward bearing as the origin of moments, then 

SMyz = o gives 12 F2 = 2 (100). . . (4) 

Similarly the sum of the moments of the projections 

of all forces upon a plane parallel to the xz-plane must be 

zero. Assuming the projection of the forward bearing 

as the origin of moments, 

SMj.j = o gives 67? = 12X2. ... (5) 
Finally, projecting all forces upon a plane parallel to 
the a;y-plane and taking moments about the projection 
of the forward bearing, 

SM^y = o gives 5 F = 10 (100). , . (6) 
Solving equations (i) to (6), we have 
F = 200 pounds, X2 = 100 pounds, Fa = 16.6 pounds, 
and Xi =— 100 pounds, Fx = 83.4 pounds. 
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Note that Xi = — loo pounds, the minus sign indica- 
ting that the force Xi as assumed in Fig. 59 should be 
reversed in direction, or the front bearing actually pushes 
the shaft towards the right with a force of 100 pounds. 

The above solution shows that a problem in sohd 
statics really involves three problems in plane statics, 
each dealing with the projections of the given forces upon 
one of three mutually perpendicular planes. 

Thus,equations^i), (2),and(6)establish theequiUbrium 
of the forces projected on the icy-plane, equations (2), (3), 
and (4) estabUsh the equiUbrium of the forces projected 
on the yz plane, and equations (i), (3), and (5) estabhsh 
the equihbrium of the forces projected on the a;z-plane. 

This idea is made use of in the graphical treatment of 
problems in solid statics, as is shown in the following 
graphical solution of the problem illustrated in Fig. 59. 

In Fig. 60 the shaft and cranks together with all forces 
acting upon them are represented in three projections. 

In the lettering used the projections of forces are desig- 
nated as follows : In the plan by the plain letters, in the 
elevation by the same letters primed, and in the profile 
by the same letters double primed. 

The known force of 100 pounds, called AB, is designa- 
ted in the plan by ab, in the elevation by a'b', and in the 
profile by a"b" ; the imknown forces are BC, CD, and DA . 
The unknown forces contain five unknown elements, i.e., 
the magnitude of BC, the magnitude and direction of 
both CD and DA. The forces CD and DA are deter- 
mined as far as their planes of action are concerned; also 
one point upon the line of action of each is known. 

Referring to the profile. Fig. 60, it will appear that 
in this projection only three forces need be considered: 
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c"a", replacing the projections c"i" and i"a" of CD and 
DA ; thus, V'c" can be found by a triangle of forces. 

Passing to the plan, where he is now known and db 
is zero, cd, and da can readily be found by means of a 
funicular polygon. 

(ELEVATION) (PROFILE) 






'c' 



6' 

"100 



d' 







d / 

/ 

a A 

(PLAN) 



Fig. 6o 




Finally, in the elevation, where a'b' is known and b'c' 
is zero, we find c'd' and d'a'. 

Thus the horizontal and vertical components of the 
reactions at the bearings are determined. 

Exercise 109. Fig. 61 represents a vertical shaft sup- 
ported by bearings at A and B, and by a foot step at C. 
GFH is a helicoidal surface, such as the surface of a square- 
threaded screw, upon which rolls the wheel F, which is 
fastened to the rod DE supported by bearings at D and E 
and supporting the load W. 

Assuming the weight of the shaft AB together with the 
cam and pulley to be 300 pounds, with the center of gravity 
m the axis AB, and the pitch angle of the helix as arc tan f , 
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find the load W and the reactions at all the bearings when 
the system is in equilibrium (a) analytically, (b) graphically. 
(Base the solution upon two free bodies.) 




I 



Fig. 61 



Fig. 62 



Exercise ho. Fig. 62 shows the plan and elevation of 
a shaft supported by two bearings. If the arrows represent 
the projections of three forces acting upon the shaft, find 
graphically the forces acting on the bearings. 

Construct a profile showing all forces acting upon the shaft. 



Section XIII 

CONCURRENT FORCES IN SPACE— APPLICATIONS 
TO STRUCTURES 

The case of concurrent forces in space is usually 
handled with greater simplicity by the special method 
now to be described than by the general method which 
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would follow from an abridgment of the methods dis- 
cussed in the previous section. 

Whenever concurrent forces in space are in equilibrium, 
the sum of the component forces along any three axes 
must each separately be equal to zero, i.e., 

SZ = o; SF = o; and SZ = o. 

Thus only three iinknowns are possible and' these are 
usually unknown magnitudes, the directions of the lines 
of action of the imknown forces being known. 

A method for the determination of these unknown 
magnitudes is as follows : 

(a) Find the resultant of all the known forces. 

(b) Find the intersection of the plane determined by 
this resultant and the line of action of any one of the im- 
known forces with the plane determined by the lines of 
action of the two remaining unknown forces. 

(c) Treat this intersection as the line of action of an 
imaginary imknown force and by the principles of plane 
statics find its magnitude and the magnitude of the im- 
known force first selected. 

Ki]^ (d) Now, by plane statics, divide the force along the 
imaginary line of action into two components along the 
lines of action of the other two unknown forces originally 
assigned. 

To illustrate, consider as an application the finding of 
the compressions in the legs of 

A Tripod Supporting a Weight. — Fig. 63 (a) repre- 
sents the tripod in perspective, and Fig. 63 (b) its de- 
velopment upon the horizontal plane drawn to scale. 
Let a, b, and c represent the lengths of the legs of the tri- 
pod and m, n, and p the distances between their feet. By 
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means of the intersection of the perpendiculars dropped 
from MNP upon the sides m, n, and p of the base of the 
tripod the lines y and x are determined. Referring to 
Fig. 63 (a) it will be noted that x is the imaginary leg of 
the tripod which replaces legs b and c and lies in the plane 
of a and the line of action of W. Fig. 63 (c) shows the 

P 





triangle formed by a, x, and y, in its true size; the cor- 
responding triangle of forces determines the stresses A 
and X in the legs a and x respectively. 

Now from Fig. 63 (b), in connection with Fig. 63 (d) B 
and C are found to be the components of X along the legs 
b and c respectively. 

A more general solution of the above problem which 
applies equally well whether the load is vertical or not 
but based upon the method used above is furnished by 
the appKcation of descriptive geometry. 
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In Fig. 64, a' , V, and c' represent the elevation of 
the tripod legs and a, b, and c their plan. F' and F are 
the projections of the applied force. 

The imaginary leg replacing the legs b and c is repre- 
sented by x' and x, determined by the intersection of the 
planes of the lines a and F, and b and c. 




Fig. 64 

To the right are shown first the projections of the tri- 
angle of forces for the equilibrium of the forces in the 
plane determined by the leg a and the appKed force P; 
then the resolution of the force X into the forces B and 
C, also in projection. 

The quadrilaterals formed by the forces A', B', C, and 
F' and A, B, C, and F are thus the projections of the 
space polygon representing the forces acting upon the 
pin at the apex of the tripod. 
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To find the magnitudes of the forces transmitted 
thru the legs of the tripod the true length of the lines 
whose projections are A, A'; B, B', etc., must be foxmd. 

Exercise hi. Are all the legs of the tripod, loaded as 
shown in Fig. 64, in compression? Give the reason for your 
answer. 

Exercise 112. Assume the projections of four concur- 
rent forces and find the projections of their resultant. 

Exercise 113. Find the stresses in the legs of a tripod 
supporting 1000 pounds, if each leg is 10 feet long and the 
sides of the equilateral triangle forming its base are each 5 
feet long. (Solve both analytically and graphically.) 

Exercise 114. A tripod has two of its legs braced to- 
gether so as to carry a winch which is used in connection with 
block and tackle for lowering water mains. The legs of the 
tripod are each 10 feet long and their feet form a triangle 
whose sides are 7, 7, and 4 feet, 4 feet being the distance 
between the feet of the braced legs. Assuming three pulleys 
each in both upper and lower block and the weight of a 12- 
foot length of 36-inch cast-iron pipe as 3 tons, what are the 
stresses in the tripod legs if the rope leading to the hoisting 
drum lies in the plane of the braced legs and bisects the angle 
formed by them ? 

Sheer Legs. — Another form of 
tripod much used in hoisting and 
transferring loads is illustrated in 
Fig. 65. 

Here AB and BC represent stiff 
legs anchored at A and C so as to 

allow a hinge-like motion about the Hne AC, and fastened 
together at B. 

These sheer legs are supported by a backstay, BD, so 
fastened at D that it may be lengthened and shortened, 
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thus changing the "reach" EF. This backstay may be 
so arranged that the projection of B may fall between E 
and D; then the backstay must take compression. 

Exercise 115. Compute the stresses in the legs and 
backstay of the sheers erected at Sparrow's Point, Md., 
when carrying a load of 100 tons with a reach of 35 feet. The 
legs are each 116 feet long and their heels are 45 feet apart. 
The backstay meets the horizontal plane thru the heels 63.5 
feet from the line joining them. 

Exercise 116. Solve Ex. 115 by means of a plan and 

elevation. 

Exercise 117. If the 
contractors' derrick,* illus- 
trated in Fig. 66, carries a 
load of 2 tons, what weights 
must be placed at A and B, 
what is the vertical pressure 
on the ground at C, and 
what horizontal forces must 
be applied to ^C and BC to 
preserve equilibriiun when 
(a) the jib lies in the posi- 
tion shown, (b) when it Ues 




Fig. 66 



in the plane determined by the post and ACi 

Exercise 118. What are the stresses in all members 
under the conditions assumed in Ex. 117? 

The Steam Shovel and the Dipper Dredge 

Exercise 119. In the dipper dredge illustrated in Fig. 
67, assume 5000 pounds as the greatest tension which the 
hoisting chain can stand and that the resistance to the motion 
of the dipper is horizontal. 

* For photographs of derricks, steam shovels, etc., see advertise- 
ments in Engineering News, The Contractor, etc. 
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(a) Show the dipper and handle as a free body and find 
graphically all forces acting on it. 

(b) Show the boom as a free body and find graphically all 
forces on it, 
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Fig. 67 




Fig. 68 

Exercise 120. In Fig. 68 assume a load of 2000 pounds 
about to be discharged and find graphically the stresses in the 
shear legs and backstay supporting the end of the boom. 



CHAPTER V 

EQUILIBRIUM OF PERFECTLY FLEXIBLE 
ROPES AND CABLES 

Section XIV 

THE FUmCULAR POLYGON 

The position assumed by a weightless rope supporting 
given forces is illustrated in Fig. 69. Here the given 




Fig. 69 

forces are ab, be, and cd; is any pole, and oa, oh, oc, and 
od are the rays parallel to which are drawn the corre- 
sponding segments of the rope sustaining the given loads. 
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Any point on oa, such as A, and any point on od, such 
as B, may be assvimed as fixed points to which the ends 
of the rope are fastened. 

Note that three forces act at M, the knot at which the 
load ab is fastened to the segments of the rope oa and ob. 
The tensions in the ropes oa and ob are shown graphically 
in the lower diagram by the lengths of the rays oa and bo 
(note carefully their directions). These forces are in 
equilibrium and their triangle closes. The same follows 
for the knots N and P. 

Exercise 121. If a weightless strut connects A and B 
(Fig. 69) and the external supporting force at B is vertical, 
find the magnitude of this supporting force, the compression 
in the strut and the magnitude and direction of the support- 
ing force at A. 

What forces at A and B (Fig. 69) would support the rope 
if the strut joining A and B were removed? 

To Find the Locus of the Poles of All Funicular Poly- 
gons Passing Thru Two Given Points. — In Fig. 70 let 
ab, be, and cd be the given forces, and A and B the two 
points thru which a funicular polygon, for this loading, 
should be passed. 

Assume the Une of action of some force de passing thru 
B and then find, in the usual manner, the magnitude of 
this force and the magnitude and direction of another 
force passing thru A so that these forces shall be in equi- 
librium with the given set of forces. 

This may be done by assuming any pole and con- 
structing the corresponding funiciilar polygon which 
passes thru A but not necessarily thru B. As the forces, 
ab, be, cd, de, and ea are now in equilibrium a change in 
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the position of the pole o will change the funicular poly- 
gon but can in no way alter these forces. Thus, if thru 
e a line MN is drawn parallel to AB it will be the new 




Fig. 70 

ray oe for a funicular polygon whose corresponding side 
is AB, and any point on MN used as a pole will yield a 
funicular polygon passing thru A and B. 

Exercise 122. Solve the above problem if the lines of 
action of the assumed forces de and ea are taken mutually 
parallel. 

Exercise 123. Solve the above problem if the point B 
lies between the forces he and cd and the side oc of the funic- 
ular polygon is to pass thru it. (Solve in the same manner 
as above, neglecting the force cd.) 
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Exercise 124. In Fig. 70 assume in addition to A and 
B another point C between forces ah and he and then find the 
pole of the funicular polygon passing thru A,B, and C 

Exercise 125. Assume three vertical forces and any 
three points and plot four weightless rods, freely hinged at 
their ends, which will support the assumed loads and three 
of which pass thru the assumed points. 

If the ends of the last rods are joined by a tie, find the 
vertical reactions at these ends and the tension in the tie. 

Section XV 

THE PARABOLA 

A Weightless Cable Sustaining a Uniformly Distrib- 
uted Load. — In Fig. 71 assume the cable and the verti- 
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Fig. 71 

cal suspension rods to be weightless so that the whole 
load carried by the cable is w pounds per horizontal 
foot as indicated. This load must be understood to 
be divided into inmmierable, very short portions, each 
suspended by its own rod from the cable. 

Consider that portion of the figure drawn in heavy lines 
as a free body. The only forces acting upon it are the 
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forces H and T tangent to the cable at the points O and 
P, and the weight of the load wx whose center of grav- 
ity lies somewhere on the line parallel to the F-axis and 

distant from it by - • As the lines of action of these three 

2 

forces must pass thru the same point, the prolongation of 

T must pass thru the point f - , j , f or is assumed at the 

lowest point in the cable where its tangent is evidently 
horizontal. 
From Fig. 71 it follows that 

dx X 
2 

for any point in the cable, whence, by integration, 

y = cx^, 
and as x = I when y = h, c = -> 

h „ 
or y = ji^ 

is the equation of the curve assumed by the cable. 

This is the equation of a parabola tangent to the 
a;-axis at O and having the ^'-axis as axis. 

From the triangle of forces showing the relation be- 

tween the forces H, T, and wx, the slope of T is — , but 

H 

as the slope oi T is -t' 
dx 

, dy wx 

we have -f- = -^• 

dx H 



EQmLIBRITJM OF ROPES AND CABLES 95 

As H is constant (why?) integration yields 

and as y = o when x = o, .'. c = o, 

so that y = -— 

2I1 

is another form of the equation of the curve assumed by 
the cable. 

The two equations y = — and y = -j^ represent 

the same curve referred to the same axes; thus their 
parameters must be the same, 

w h 

__ idIi 
whence E = —:• 

2 h 



Exercise 126. Find the horizontal tension in the cable 
by considering one-half of the cable in Fig. 71 as a free body; 
use no calculus. 

Exercise 127. Find the tension in the cable at the points 
{x, y) and Q, h). (Use no calculus or formulas.) 

Exercise 128. The span of the cables of a suspension 
bridge is 800 feet and their dip is 80 feet; assume the weight 
of load, platform, cables, and suspension rods as equivalent to 
4500 pounds per horizontal foot. Find the greatest and least 
tension in each of the two cables. 

Exercise 129. The load on a simple parabolic arch, 200- 
foot span, 20-foot rise, is 360 tons; determine the greatest and 
least thrusts on the arch. 
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A Uniform Cable Sustaining Its Own "Weight Only is 

evidently not loaded at a constant rate per horizontal 
foot. 

Nevertheless, when a cable sags but shghtly and its 
points of suspension are on the same level, the length of 
the cable is very nearly equal to the distance between the 
points of suspension and very approximate results are 
obtained by assuming the load imiformly distributed per 
horizontal foot. 

Exercise 130. An iron telegraph wire (No. 12, o.i inch 
in diameter, 3.15 pounds per 100 feet) is stretched between 
poles 240 feet apart. What is the least sag allowable if the 
wire can stand a tension of 60,000 pounds per square inch? 

Exercise 131. A wire is just to touch a certain imagi- 
nary horizontal line and is to be fastened to two vertical poles 
at h and h' feet above this horizontal line. The poles are I 
feet apart. How far from the second pole will the wire reach 
its lowest point? 

Exercise 132. Find the length of the wire in Ex. 131. 

Section XVI 

THE CATENARY 

The accurate solution of problems such as the above 
is necessarily more complicated. 

In Fig. 72 consider the curve in which a uniform flex- 
ible cable hangs when referred to the axes of x and y, as 
shown. 

The portion of the cable between the points (o, o) and 
(x, y) is in equilibrium under the forces H, T, and ws, 
where w is the weight of the cable per foot of length and 
s is the length of cable between (o, o) and (x, y) . 
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Evidentiy H is a constant force, independent of x or y. 
Let it be equal to tnw, so that m is the length of that 
portion of the cable whose weight equals H. 




Fig. 72 

Thus we assume that 

H = wm. 

The triangle of forces shows that 

T = wVs^ + m", 

and that the slope of the tangent at (x, y) equals 
ws _ 5_ 
•wm m 



The slope of the curve at {x, y) also equals 



dx 



v/-(f 



dx 
ds 



expressed in terms of x and s. 

Thus, the differential equation of the curve expressed 
in terms of x and s is 



v/-(fj 



dx 
ds 



s 

— ) 
m 
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whence 

, mds 

ax 



Vm^ + ^ 



or - = logA\/j + —^ + -l + {ci = o). 

Changing this to the exponential form and solving for s 
we obtain from 



/ 



1 + 4 + - = *"' 



m 

S = - < e' 

2 



X _X \ 

m - w ( , 



To obtain the equation of the curve in terms of x and 
y note that 



dy s i\ - -- 
dx m 2 ( 



% 

/ X X \ 

whence y = — < e" + « "" [ + (ca = — ni), 
2 ( ) 

or y + w = — je^ + e "■ |. 

The student who is familiar with the use of hyperbolic 
functions will perceive that the above solution may be 
condensed as follows: 

From dx — , obtained as above, 

we have x = m sinh~^ — ■ 



m 



s X 

Whence — = sinh — • 

m m 
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From Fig. 72 we see that — = -2!, 

m ax 

so that -^ = sinh — ) 

ax m 

or y = mcosh — \- c. 

m 

But as X = o when y = o, c = — tn, 

and , y + m = j» cosh — • 

m 

If we now refer the curve to a new axis of x, x', m 
units below the old axis of x its equation becomes 

y' = m cosh — • 
m 

Exercise 133. Express x in terms of y' and s. 
Exercise 134. Find the tension, T, Fig. 72, in terms of 
w, m, and s; also in terms of w, m, and y. 

Exercise 135. Show that {y + mY = y'^ = m^ + s\ 

The above calculations develop the following impor- 
tant facts concerning the catenary, the curve in which a 
uniform, flexible cable (supporting only its own weight 
and supported at two points only) hangs. 

If the horizontal tension at the lowest point of the cable 
is H = wm, 

then the tension at any other point (x, y'), Fig. 73, is 

T = wy'. 

The length, s, of the arc of the catenary from (o, m) to 
(x, y') is given by the equation 

yi2 = j2 _f. ^2^ 
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and the horizontal distance between (o, m) and {x, y') is 

y + 5 

m 



X = m loge ' 



In Fig. 73 the heavy hne represents a flexible cable 
passing over two smooth pins of infinitesimal diameter 
A • at (o, m) and (x, y') ; if the 
/ T=wj/ portion s hangs in a catenary 
and the overhang at (o, m) 
is m and at {x, y') is y', then 
this cable is in equilibrium 
supported only by the two 
pins as shown. 

Exercise 136. A 100-foot 
steel tape is supported at its 
ends by forces of 1.7 and 2.0 
pounds, but otherwise the ends are free to assume any direc- 
tion consistent with equilibrium. This tape weighs 0.005 
pound per foot. Find the horizontal and vertical distances 
between the points of support. 

Exercise 137. What is the distance between two points 
joined by a steel tape 100 feet long, weighing 0.005 pound per 
foot, if the tension handles at each end register 10 pounds? 
How much does the tape sag ? 




Fig. 73 



CHAPTER VI 
FRICTION — APPLICATIONS TO MACHINES 

A machine is a structure so designed that some of its 
members may be in relative motion. These motions 
form the subject of kinematics of mechanism. 

The members of machines transmit forces and as these 
forces may be displaced machines may transmit energy. 

As the motions of the various members of machines 
may be very complicated (as their accelerations may 
vary from instant to instant) and as all members neces- 
sarily have mass, computations involving all forces 
acting upon and transmitted by the members of machines 
may therefore become very comphcated. 

In the following sections machines will only be con- 
sidered from the standpoint of statics. The machines 
will be regarded as about to move or moving very slowly 
(without acceleration) or better still the members of 
the machines will be regarded as massless so that inertia 
may be neglected. 

Inertia forces resulting from the accelerations of the 
members of machines form the subject of kinetics of 
machinery. 

Friction. — As relative motion between members of 
machines is always possible friction cannot be neglected 
in the study of the forces transmitted by these members 
as was done in the consideration of structures in which 
the members are relatively at rest. 
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Section XVII 

SLIDING FRICTION 

Whenever two bodies tend to slide over one another 
under the action of external forces and these bodies are 
pressed together a tangential force at their surfaces of 
contact always manifests itself. This tangential force, 
called a frictional force or simply friction, always 
opposes the motion (or tendency to move) of the body 
upon which it acts. 

To fix our ideas conceive a body, weighing W pounds, 

resting upon a horizontal plane. Fig. 74 (a). It is in 

lyy equilibrium under the action of two 

(a) I I forces, its weight W, and the reac- 

f^ tion of the plane R. These forces 

have the same vertical line of ac- 

: , p tion passmg thru the center of 



(6) |_ 



(c) W 



gravity of the body. 

If we now apply a horizontal 
force P to this body, Fig. 74 (b), 

equilibrium may still persist but 

Fig. 74 ^^ reaction of the plane must now 

be inclined to the vertical at an 
angle j3 such that the triangle of forces. Fig. 74 (c), may 
close. 

Under these conditions the component of R' normal 
to the surface of contact, say N, measures the pressure 
between these surfaces; the tangential component of 
R', say F, is the frictional force called into play to pre- 
vent the motion which P tends to impart to the body. 
Assume P to gradually increase; then if the body is 
to remain at rest, ;8 and R' must increase so that the 
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tangential component of R' (i.e., F) may continue to 
equal the increasing value of P. 

Experience shows that provided P does not exceed a 
certain limiting value, F always remains equal to it. 
When the limiting value is reached F attains its greatest 
value F^ and the body is about to move. The sUghtest 
increase in P now causes motion and this motion may be 
maintained with constant velocity by a force P consider- 
ably less than j;hat required to start the body. The 
frictional force to be overcome during motion is less than 
F,; let it be denoted by Fj,. 

From the above it follows that problems involving 
sKding friction between bodies relatively at rest are 
indeterminate unless motion is about to occur, for the 
magnitude of the friction force may he anywhere between 
zero and its Umiting value F,. 

The coefficient of static friction /*» is defined by the 
ratio 

limiting static friction _ F, 

normal pressure between surfaces in contact N 

and the coefficient of kinetic friction Hk is defined by the 
ratio 

kinetic friction _ Fj, 

normal pressure between surfaces in contact N 

Assume the angle ^ to equal <^s when the body in Fig. 
74 is about to move and to equal (f>^ when the body is in 
motion; then 

<|>s is called the angle of static friction, 
and <|>i is called the angle of kinetic friction. 

In either case it is the greatest inclination between the 
common normal of the surfaces between which friction 
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occurs and the line of action of the total force trans- 
mitted from either surface to the other; 

lis = tan 0s and ^u^ = tan ^j. 

Coefficient of Sliding Friction. — For the actual values 
of the coefficients of statical and kinetic friction as found 
by experiment the reader is referred to hand-books of 
engineering such as '^HilUe " des Ingenieurs Taschenbuch, 
1908, Vol. I, page 226 at seq., or Kent's Mechanical 
Engineer's Pocket-Book, 1910, page 1194 et seq. 

In 1 781 Coulomb pubhshed, under the title "Memoire 
sur la theorie des machines simples," the results of a 
series of experiments made by him on the friction of plane 
surfaces. These experiments were repeated and ex- 
tended by Rennie* in 1829 and Morinj (1830-1834); 
their investigations led them to confirm in the main the 
results of Coulomb which are usually stated as follows: 

The coefficient of statical friction is (i) independent 
of the normal pressure, (2) independent of the area of 
the surfaces in contact. The coefficient of kinetic fric- 
tion is independent of the relative velocity of the surfaces 
and is always less than the corresponding statical co- 
efficient. 

That these empirical laws are correct for the conditions 
under which they were investigated is no doubt true. 
But the greatest pressure used by Morin in his experi- 
ments was about 100 pounds per square inch and his 
least pressure about three-fourths pound per square inch. 
Further investigations have shown that just above a . 
pressure of 100 pounds per square inch deviations from 
Coulomb's laws begin and for pressures of less than three- 

* Rennie: Phil. Trans. — , 143. 1829. 

t Morin: Institut de France, Recueil des Savans Etrangers, IV, V. 
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fourths pound per square inch m« is found to increase 
as the pressure decreases. 

Again, the highest velocity used in Morin's investiga- 
tions was about 10 feet per second, while for velocities 
greater than this m* diminishes with increasing velocity, 
as has been shown by Poiree * and by Bochet t and more 
recently by Galton.f Jenkin § showed that for relative 
velocities of o.oi to 0.0002 feet per second kinetic friction 
gradually increases as the velocity diminishes so that 
there is probably a gradual transition between static and 
kinetic friction. 

It should be remembered that the coefficient of sliding 
friction depends for its value upon (i) the material of 
the rubbing bodies, (2) the condition of their surfaces, 
(3) the lubricant and method of lubrication, (4) the 
normal pressure between the surfaces in contact, (5) the 
relative velocity of these surfaces, (6) the temperature. 

Any value of /i« or /** should thus only be used for con- 
ditions similar to those under which it was obtained. 
Too much credence should never be attached to these; 
independent experiments are usually necessary when 
accuracy is required. 

The reader is referred to Thurston's books, Friction 
and Lubrication (1879) and Friction and Lost Work in 
Machinery and Millwork (1889) and for more recent ref- 
erences to the Engineering Index and Engineering Index 
Annual. 

* Poirte: Mtooires de la Soci6t6 des Ing^nieurs Civils — ,113. 1852. 
t Bochet: Annales des Mines (5) 19, 27. 1861. 

Comptes Rendus 46, 802. 1858. 

Comptes Rendus 51, 974. i860. 
% Gallon: Free. Inst. Mech. Eng. — , 476, 590. 1878. 
§ Jenkin: Phil. Trans. 167,. 509. 1877. 
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Applications Involving Sliding Friction 

Exercise 138. Show that the slope of a plane upon 
which a body otherwise unsupported is just on the point of 
sliding down equals the coeflScient of statical friction between 
the body and plane. 

As an application of the angle of friction to the solution 
of problems involving sliding friction let us find the 
tractive force required to start a 
body weighing W poimds along a 
horizontal plane, the coef&dent 
of static friction being n = tan 4> 
where <> is the angle of friction. 

As in Fig. 75, assume the in- 
clination of the tractive force, T, 
to the horizon to be B. Only 
three forces act upon the body 
considered, i.e., W, T, and R the 
reaction of the plane. Therefore, 
the line of action of R must pass 
thru the intersection of the lines of action of T and W and 
it must make an angle <1> with the normal to the surface 
of contact. The corresponding triangle of forces with 
the magnitudes of its angles is shown in Fig. 75, from 
which by the law of sines we obtain 



90-e 




90+e-* 



lFsin<j> 



W sixi4> 



sin (90 + S — 0) cos {d — 0) 

Exercise 139. Solve the above problem by means of 
2ff = o and SF = o. 

Exercise 140. Find analytically the minimxmi value of 
T and the corresponding "angle of traction" d. 

Exercise 141. Construct several triangles of forces such 
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as shown in Fig. 75 for various values of 8 and from this 
diagram find graphically the minimum tractive force and 
the most advantageous value of 8. 

Exercise 142. Solve the above problem if T is a push 
instead of a pull. 

Exercise 143. To what do the above results reduce if 
the plane is smooth. 

Exercise 144. Find the minimum force required to 
drag a body up an inclined plane (slope = tan a), the co- 
efficient of kinetic friction being tan 4>. 

Exercise 145. From this minimiun tractive force find 
the general value if the tractive force makes an angle 8 with 
the plane. 

Exercise 146. What horizontal force is required to push 
a body up an incUned plane? 

Exercise 147. What force parallel to the plane is re- 
quired to push a body up an inclined plane? 

Exercise 148. Solve the general case for a body being 
dragged down a plane. 

The Wedge. — Let it be required to find the force P, 
Fig. 76, necessary to (a) just start the wedge towards the 
left, (b) just prevent the wedge from moving towards 
the right. In the solution we shall assume the coefficient 
of friction, or, what amounts to the same thing, the corre- 
sponding angles of friction, to be known and different for 
each pair of rubbing surfaces. 

In Fig. 76 (a) each movable part of the machine is 
shown as a free body when the wedge is about to start 
towards the left under the action of the force P. Note 
carefully the directions of the various reactions of the sur- 
faces of contact. As friction invariably opposes the mo- 
tions about to occur the reactions are inclined to the 
normal at the angles of friction upon that side of the 
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normal which gives to the tangential components of 
the reactions directions opposing the impending relative 
motion of the body upon which they act. 




,p.a 



Fig. 76 

The actual lines of action of the reactions are not indi- 
cated; in fact these are indeterminate; only their direc- 
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tions are known, and as in each case only three forces act 
we know that their lines of action must pass thru one 
point. 

From the corresponding triangles of forces the un- 
known reactions and P, the motive force, may be deter- 
mined graphically, or, by an application of the law of 
sines, we may obtain 

„ _ W cos 01 
I cos {(h + <h + a) 
and then 

„ ^ Rj sin (03 + </)2 + g) ^ W cos 0i sin {4>3 + <k + «) 

cos 03 cos 03 cos (01 -|- 02 + a) 

In Fig. 76 (b) are shown the free bodies and their tri- 
angles of forces when the wedge is about to move towards 
the right. Now W becomes the motive force and the 
second triangle of forces shows that W, with the assumed 
values of 0, is unable to start the wedge outward for P 
must help it to the extent shown if the wedge is about to 
move towards the right. This machine is therefore said 
to be self-locking. How do you explain the direction of 
the force Ri in the triangle of forces ? 

From the triangles of forces we obtain 

„ W cos 01 

■K2 = -, ; — T' 

cos (01 -f- 02 - a) 

J p ^ W COS 01 sin (02 + 03 — «) 

cos 03 COS (01 -|- 02 — a) 

If the coefficients of friction are all equal we obtain 
as answer to (a) P = W tan (a -|- 2 0), and for (b) 
P = Prtan(2 0-Q;). 
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Exercise 149. If the coefficients in the above problem 
are all equal to m, for what values of a is the machine self- 
locking? 

Exercise 150. Solve the above problem of the wedge 
if the force P (Fig. 76) is inclined to the horizontal at an 
angle /3. 

Exercise 151. In Fig. 77 is shown an arrangement for 
adjusting the rollers of a rolUng mill. What force must be 
exerted at P so as to raise the bearing upon which a load of 
1600 poimds rests? Assume the angle 

a = S°, n = 0.16, Ml = 0.18, and /i2 = 0.15. 




ST 



Fig. 77 




Fig. 78 



Exercise 152. What would be the result in Ex. 151 if 
all surfaces were perfectly smooth ? 

Exercise 153. In Fig. 78 are shown the rolls of a 
rolUng mill and a bar about to enter the mill. Show that if 
m — n ^ 2 »■ (i — cos 0), where 4> is the angle of friction 
between the rolls and the bar, the bar will enter the rolls 
unassisted. 

Exercise 154. What normal pressure does a wedge 
(angle a) exert when used for splitting if driven by a force P 
and if the angle of friction is ^ ? 

Keys and Cotters. — To find the relation between the 
force P applied to a cotter, Fig. 79, and the total force, 
Q, exerted by the cotter in a direction at right angles to 
P, make a free body of the cotter as shown. Then the 
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corresponding triangle of forces yields as the vertical 
components, Q, of both i?i and R2, 

Q = mcoi<l) = n cot {a + <j>), 
whence 

P = m + n = Q [tan <j> + tan (a + (/>)]. 

Exercise 155. What is the least value of P which will 
hold the cotter in position against a given compression Q? 



To piston 





Fig. 80 



^ 



¥ 



-^p 



Fig. 81 



Exercise 156. What limiting angle a will allow the 
cotter to remain in position if P is reduced to zero ? 

li (i = 0.08 for iron on iron to what taper does this cor- 
respond? 

Guides. — As another application of the angle of 
friction to problems involving sKding friction consider 
the behavior of the crosshead of an engine under the 
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action of the forces transmitted to it thru the piston-rod, 
connecting-rod, and crosshead guides. (Fig. 80.) 







Fig. 82 




Assume the crosshead to be moving to the right, then 
Figs. 81, 82, 83, and 84 represent the four conditions to 
be investigated. 

!t>l 





Fig. 84 

Fig. 81 shows that the triangle of forces necessary for 
eqioilibrium could not be closed with the assumed direc- 
tion of the forces. Thus this condition is impossible. 

Exercise 157. Assume the magnitude of P in Fig. 81 
and complete the triangle of forces. Note the direction of R 
necessary for equilibrium. 

The condition illustrated in Fig. 82, with the con- 
struction for four forces in equilibrium there shown dis- 
closes that here again one of the reactions of the guides 
(iSi) must have an impossible direction and hence this 
case also is impossible. 
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Fig. 83 illustrates a possible condition. Here the 
three forces pass thru a point and their triangle (not 
shown) will close. Try it. Of course the lower guide 
cannot furnish the force R unless the crosshead is suffi- 
ciently long relatively to its width to bring the point C 
within the length ^5. 

Exercise 158. Show that if the length of the crosshead 
is I and its height is h the condition illustrated in Fig. 83 is 

only possible if r = ^i, the coefficient of friction. 

Exercise 159. Show that the following relation exists 
between P and Q under the condition of Ex. 158: 

P cos 4> = Q cos {a — (t>) = Q (cos a -\- fi sin a) cos <l>. 

Fig. 84 illustrates the condition, provided the require- 

h 
ments of Ex. 158 are not fulfilled, namely, if y < /*. 

Exercise 160. Show that under the conditions assumed 
to exist in Fig. 84 ( namely, 7 < m) ' 

P = Q[cos a + /i^y sin aj- 

(This result is best obtained analytically.) 

Exercise 161. In Fig. 84 assume the magnitudes of P, 
4>, I, and h and find Q graphically. 

Exs. 159 and 160 show that it is advantageous to 
make the length of the crosshead sufl&ciently great to 
insure the conditions illustrated in Fig. 83. 

Exercise 162. A lift, Fig. 85, slides upon a rod 2 inches 
square. The extreme length between bearing surfaces is i 
foot. The resultant weight of lift and load (400 pounds) 
acts 2 feet from the center of the rod. If /^ = 0.2 show that 
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the "lifting" force applied 6 inches from the center of the 
rod is 

(a) 100 pounds when the lift descends, 

(b) 6oo pounds when the lift ascends, 

(c) 400 pounds when friction is neglected. 



(a) 



AP 




m 



H 



n 



kT 




Fig. 8s 



Fig. 86 



The Cone of Friction 

If, in the solution of Ex. 142, the force T, Fig. 86 (a), is 
inclined at an angle g 90 — (^„ where <f>, is the statical 
angle of friction, then it will be found that no matter to 
what extent the force T be increased, motion is impos- 
sible. For, as Fig. 86 (b) shows, the triangle of forces 
exhibiting the relations of the forces when motion is 
about to occur can no longer be closed when d ^ go — 0,. 
This does not mean that equilibrium cannot exist but, 
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as Fig. 86 (c) shows, the limiting friction is no longer 
called into play to preserve rest. For a given weight, 
W, and push, T, the necessary frictional force is deter- 
mined by the horizontal component of R in Fig. 86 (c) 
and the "angle of friction" is now less than 0.. 

Under the condition d = go - tj), the body is said to 
be jammed, and under these conditions the applied 
forces, no matter what their magnitudes may be, cannot 
produce motion. 

It also follows that jamming will occur whenever the 
line of action of T lies within the conical surface having 
the intersection of the lines of 
action of T and W as vertex 
and a semi-angle equal to <^,. 
This conical surface is called the 
cone of friction. 

Another application of the 
cone of friction is illustrated in 
Fig. 87. Here a rod AB rests at 
A against a vertical wall and is 
fastened to D by the string CD. 

If the resultant weight of the 
rod and its load lies between the verticals MN and XY 
no motion can occur, for the limiting friction at A is 
not exceeded. When this resultant lies on either of the 
verticals MN or XY motion is impending, and if it lies 
without, on either side, motion occurs. 

Exercise 163. Show the forces acting upon the rod AB 
(Fig. 87) and draw the corresponding triangles of forces when 
the line of action of the resultant load 

(a) lies between MN and XY, 

(b) coincides with MN, 




Fig. 87 



ii6 



APPLIED STATICS 



(c) coincides with XY, 

(d) lies to the right of ZF (which way will the rod move?), 

(e) has to the left of MN (which way will the rod move?). 
Exercise 164. A ladder rests against a vertical wall and 

upon horizontal gromid. Assxmie the coeflScient of friction 
at both wall and ground and plot the limiting positions for 
the resultant load on the ladder consistent with equilibrium. 
Do this for several inclinations of the ladder. 

Consider the case of an arm arranged to slide upon a 
vertical rod (Fig. 88). This arm will be acted upon by 
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Fig. 88 

three forces: a force at A; another at B, both being 
reactions of the rod upon the arm; and the resultant 
load, W, which we shall assume vertical. 

The reactions at A and B must lie within the cones of 
friction, and if the line of action of the resultant load, W, 
passes thru C the limiting friction at both A and B is 
called upon to prevent the arm from moving (slipping). 
Under these conditions the forces acting upon the arm 
are indicated by the arrows in Fig. 88. 
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Exercise 165. Explain the nature of the reactions when 
the line of action of the resultant load W (Fig. 88) passes thru 
the intersection (a) at D; (b) at £; (c) when the line of 
action of the resultant Ues between C and B. 

In Fig. 88 note that the reactions at A and B are 
indeterminate whenever the resultant load W does not 
pass thru C, D, or E. Also the arm is jammed when- 
ever this resultant lies to the right of C and motion 
results if it lies to the left of C. 




Fig. 89 

Exercise 166. (a) Show that if the distance between 
the line of action of the resultant W and the center Kne of the 

rod (Fig. 88) is equal to or greater than — j where ij. is the 

2 fi 

coefficient of friction and b is as indicated in the figure, then 

motion is impossible. 

(b) Should the dimension b (Fig. 88) be large or small if 
the arm is designed to slide upon the rod ? 

Exercise 167. In the design of a loom the following 
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problem occurred. An arm is to be raised by a force P (Fig. 
89); the arm supports a force of 150 pounds as shown and 
weighs 30 pounds. The vertical shaft weighs 40 pounds. 
In order to reduce P to its least value should the arm slide 
upon the shaft (which is stationary) or should the arm be 
piimed to the shaft, the sUding then to occur at the fixed 
bearings? 

Section XVIII 

EFFICIENCY OF MACHINES 

If in any machine 

P = the driving force, 
Q = the useful resistance, 
F = any frictional force, 
and p represents the effective displacement of P, 
q represents the effective displacement of Q, 
f represents the effective displacement of F. 
then 

Pp equals the total work supplied to the machine, 
Qq equals the useful work delivered by the machine, 
and Ff equals the work lost thru the action of the fric- 
tion F. 
The efficiency, 77, of a machine is defined by the ratio 
_ output _ useful work delivered by the machine 
input total work supplied to the machine 

thus r,^% 

Pp 

Moreover, the principle of work furnishes the following 
equation 

Pp-Qq-i:Ff = o, 

under the assumption that the members of the machine 
are massless, so that no work is stored and restored as 
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kinetic energy by reason of any change in the velocities 
of the members of the machine. 

If Po represents the driving force which would over- 
come the useful resistance, Q, provided the machine 
were frictionless, then 

Po^-Q?-S(o)/ = o, 

and ,=S3=§^ = §. 

Pp Pp P 

Hence, the efficiency of a machine may be found by 
dividing the driving force, which, applied to an ideal 
frictionless machine (otherwise identical with the original 
machine) , would overcome the same useful resistance as 
a driving force P applied to the actual machine, by P 
itself. 

Exercise i68. Show that the efficiency equals ^i the 

Vfo 

actual useful resistance overcome divided by the useful re- 
sistance overcome when friction is neglected, both to result 
from the same driving force. 

Exercise 169. Find the efficiency of the Kft in Ex. 162 
from the results there obtained, (a) when ascending, (b) when 
descending. 

Exercise 170. Find the efficiency of the machine de- 
scribed in Ex. 151. 

Overhauling and Self -locking of Machines. — A ma- 
chine is said to overhaul if it runs backward whenever 
the driving force is removed. To illustrate, return to 
Ex. 162; here it was found that P would have to equal 
100 pounds when the hft is about to move downward; 
thus, if P were reduced to zero the hft would fall (i.e., 
run backwards). 
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A machine is said to be self-locking when on the re- 
moval of the driving force it remains jammed in position 
under the action of the useful resistance and the f rictional 
forces. 

A self-locking machine cannot reverse unless the origi- 
nal driving force is reversed in direction so as to assist 
the original useful resistance, which now becomes a 
driving force, to overcome the frictional resistances. 

Under these conditions the equation derived by means 
of the principle of work would read 

Pp + Qq--LFf = o, 

for not only does Q become the driving force in the ma- 
chine when reversed, but P, which now constitutes the 
"useful resistance," is also a "driving force." 

The efficiency of a reversed self-locking machine is 
thus 

_ -Pp _-P _ P 
" Qq Po Po 

a negative quantity, where Po is the value of the force P 

when friction is neglected and is opposite in direction to P. 

In any self-locking machine when running forward 

we have 

P,p - Qq -^Fff = o (i) 

and when motion is reversed we have 

Qq + PrP'-LFrf^o, .... (2) 

where the subscripts/ and r refer to the values of P and 
F for forward and reversed motions respectively and the 
useful resistance is kept constant. 

Subtracting equation (2) from equation (i) we find 

that 

P,p-Prp-2Qq=l^F,f--LF.f . . (3) 
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Moreover, since the forces acting upon the machine 
during forward motion are in general greater than those 
acting during reversed motion, 

2i?//>SF./ (4) 

It thus follows from equations (3) and (4) that 

P,P>2Qq 

in any self-locking machine, provided the friction during 
forward motion exceeds the friction during backward 
motion. 

From the above the efficiency of a self-locking 
machine during its forward motion 

PfP 2Qq 2 

i.e., the efficiency is less than 50%. 

Self-locking machines cannot be advantageously used 
when energy is to be transmitted, but for other purposes 
(such as hoisting) they are not only convenient but give 
great security. 

ExKRCiSE 171. What efficiency during forward motion 
results in the case of a machine, if the frictional resistances 
are assumed the same during forward and backward motions 
and if the efficiency for reversed motion is zero ? 

Exercise 172. Show that the efficiency of a complex 
machine equals the product of the efficiencies of its individual 
parts. 

Exercise 173. From the result of Ex. 172 show that the 
efficiency of a machine must decrease with an increase in the 
number of its parts. 
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Section XIX 

SCREWS 

The discussion of screws used for transmitting force 
or energy involves sliding friction. 
Square-threaded Screws. — In Fig. 90 assume the 

p 
couple, formed by the forces — at a distance I from the 

2 

axis of the screw, to be on the point of overcoming the 

useful resistance Q acting along the axis of the screw. 




Fig. 90 



Then the only other forces acting upon the screw are the 
reactions of the nut upon it. These reactions will be 
distributed over the left-hand hehcoidal surfaces of the 
threads. The forces acting along any element of these 
surfaces (from a radius ri to a radius r^ may, without 
serious error, be assumed concentrated on this element 

at a mean radius r = — -^ , so that all reactions may 

be assumed to act along a helix lying upon a cyhnder of 
radius r. 
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The sum of the projections of these reactions, 2R', 

upon a plane normal to the axis must then balance the 

p 
moment due to the two driving forces —, so that rXR' = PI 

2 

or XR' = - . 

r 

Moreover, as Fig. 90 shows, the normal to the heli- 
coidal surface is everywhere inclined to the axis of the 
screw at an angle a, the pitch angle of the threads, arid 
thus the reaction between nut and threads must be in- 
clined at an angle of a + <^. to the axis. Thus the sirai 
of the reactions themselves, Si?, will be 

sin (a + 1^.) r sin (a + <l>a) 

and as the sum of the axial components of the reactions 
R must equal Q, the only other axial force, 
we have (SR) cos {a + <t>s) = Q, 

Or 

or P = y- tan (a + (^.). 

Exercise 174. What is the magnitude of P when Q is 
about to overcome P? 

Exercise 175. What graphical solutions do the above 
formulas suggest ? 

Exercise 176. Under what conditions is a screw self- 
locking ? 

Exercise 177. What is the efficiency of a sCrew for 

(a) forward motion? 

(b) backward motion? 

Explain the result of (a) when 

(c) a = o, 

(d) a= go— (j). 
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Exercise 178. In practice tan a varies from 0.05 to 0.15. 
Show that in this case thorough lubrication is essential when- 
ever a screw transmits work. 

Exercise 179. Show that the work lost per minute in 
friction of screws during forward motion is 

2 irrnQ \ tan (a + 0) — tan a \ , 

and when a is small that this approximates 2 irrnQn. 

, Exercise 180. Show that P = , , , c^ ' where * 

{ {ird — lip) 

is the pitch and d is the mean diameter of the screw, is 

equivalent to 

P = Q^ ta,n (a + <l>). 

V 

Which of these formulas is best adapted to numerical 
calculations ? 

Exercise 181. What value of a gives maximum effi- 
ciency for a given coefficient of friction? 

V-threaded Screws. — As in Fig. 90 let PI be the 
moment of the driving couple and Q the useful resistance. 

In the v-threaded screw the angle between the normal 
to the helicoidal surface and the axis of the screw is not 
so easily determined as in the case of the square-threaded 
screw. 

In Fig. 91 assume the cylinder (radius, r) to represent 
the mean cylinder of the screw threads. Let B be any 
point on the mean helix of the surface of the thread bear- 
ing upon the nut, and BA a tangent to this helix at B; 
then a is the pitch angle. Also let BC be an element of 
the helicoid forming the surface of the screw; then (3 is 
the semi-angle of the thread, and the plane ABC is the 
tangent plane to the helicoid at B. The angle 7 between 
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the normal to this plane and the axis of the screw must 
now be determined in terms of a and /3. 

Fig. 92 shows the relation between this normal and its 
projections on the vertical planes thru AB and BC in 
Fig. 91. From Fig. 92 we obtain 

cos 7 = , - • 

Vi + tan2a + tan='|8 




Fig. 91 

At every point along the mean helix of contact (such 
as B) we thus find two forces acting: a normal force N 
making an angle 7 with the axis of the screw and a tan- 
gential (frictional) force /iN making an angle a with a 
plane normal to the axis of the screw (acting in the 
direction AB at B, Fig. 91). 

As the sum of the forces along the axis of the screw 
must be zero, we have 

Q - (XN) cosy + IJ. (XN) sin a = o. . . (i) 
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Applying the principle of work to the screw as a whole 
we have for a displacement of one revolution, 

2 irPl - (SiV) (o) - n (SiV) 2 Trr sec a -Q 2 irr tan a = o. (2) 




P=2^Uana 



Fig. g2 

Eliminating (^N) from (i) and (2) there restilts 

fi sec a 
{ ( cos y — fisirxa 

_ Qr jt tan a cos 7 +m (sec a — tan a sin a) 
I ( cos 7 — M sin a 

or, dividing numerator and denominator by cos 7, 

n (cos a) 



^ tan a + ■ 

Qr cos 7 

I 



I — 



fi sin a 
cos 7 



which form suggests replacing by, let us say, 

cos 7 
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tan <^', where <|>' is a pseudo-friction-angle, so that 

„ _ Qr ^ tan a + tan tj)' } 
I }i -^ tan a tan (^' ) 



or 



P = 2?:tan(a + A 



where, under our assumption, 



tan <t>' = iM cos aVi + tan^ a + tan^ /3. 





Fig. 93 

If, as is usually the case, a is small as compared to P, 
then. 



as 



-^- = Vi + tan^ a + tan^ P, 
cos y 



which approximately 



= Vi + tanV = sec;3 = 



cos/3 



cos a 



we have tan <f>' = ii , approximately. 

cos |8 
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Exercise 182. Show that the construction indicated in 
Fig. 93 (a) furnishes the approximate value of <>', and that 

the construction indicated in Fig. 93 (b) gives P - f or a 

v-threaded screw, for a given value of Q. 

The formulas for the efficiency of v-threaded screws 

are the same as those for square-threaded screws pro- 
vided the value of tj)' is used instead of </>, the actual 
angle of friction. 



Section XX 

PIVOTS 

In the case of a pivot and its step bearing (Fig. 94) 
the elements of the surfaces in contact at which friction 
occurs are evidently at varying 
distances from the axis of rota- 
tion. The sum of the frictional 
forces acting at the elements of 
contact has thus no meaning. 
The frictional resistance must 
here be computed as a resisting 
moment. 

In order to estabhsh formulas 
for the frictional resisting mo- 
ment various assumptions must 
be made. Only the simplest 
assumptions and the results 
based upon them will be con- 
sidered. With our present experimental knowledge it is 
impossible to determine which assumptions lead to the 
most serviceable formulas. 




Fig. 94 
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The assumptions made in establishing the following 
formulas are 

1. That the coefficient of friction is independent of 
the pressure and of the velocity at the point of contact : 
thus, fi is constant for any given pivot. 

2. That the pressure over the bearing surface is either 

(a) constant, or 

(b) varies in such a manner as to allow of constant 
wear of the pivol^or of the step in the direction of the 
thrust. 

The assumption 2 (a) is sometimes said to correspond 
to the conditions which occur in new, accurately fitted 
pivots, while the assumption 2 (b) is assxmied to hold 
for worn pivots. 
Flat Pivots. — Let Q = the total thrust upon the pivot, 
r = the external radius of the pivot, 
n = the c6efficient of sliding fric- 
tion, 
and p = the normal pressure (force per 

unit area) over the bearing surface. 

Consider now an annular element of the bearing sur- 
face whose area is 

airxdx (Fig. 94). 

The normal force on this element is 
(2irxdx) p, 

the frictional force is /x {2 irx dx) p, and the frictional 

resisting moment is 

fj, (2 irx dx) px. 

The total resisting moment for the whole pivot is 
M = j 2 irx^pfi dx = 2 TTixp I x^ dx, 
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if we assume conditions i and 2 (a) stated above; for 
under these conditions /t and p are constants. 
Thus, M = fxAt^. 

We must now determine p. The equation establish- 
ing vertical equiUbrium of translation, namely, 

Q = I {2irX dx) p 

yields P= 2 

irr 

Hence, M = \ ryQ. 

Note that if mQ be considered the total frictional force 
it may be considered to act at a mean radius of f r, 
imder the assumptions made above. 

Exercise 183. A flat pivot which presses its step with a 
force of 12,000 pounds is 6 inches in diameter and makes 80 
revolutions per minute. If /t = 0.07 find the horse-power 
lost in friction. 

Exercise 184. Show that under the above assumption 
of force distribution the frictional force mQ in the case of a 
collar pivot (Fig. 95) may be considered to act at a radius of 
2 r^ — r^ 



ir^- 



; feet. 



Conical and Hemispherical Pivots. — In the deriva- 
tion of the formula for conical pivots under the assump- 
tion of a constant normal pressure, p, over the bearing 
surface care should be taken of the fact that the frictional 
force on any element of the surface (Fig. 96) depends 
directly upon this normal pressure, while for vertical 
equiHbrium of translation only the vertical component 
of the force due to p should be considered. 
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Exercise 185. Show that the resisting moment for the 



conical pivot illustrated in Fig. 96 is Af = 



Ti' — ri" 



3 sin a r^ — rf 



pQ, 



under the assumption of uniformly distributed force over the 
bearing surface. 





Fig. 95 



If a conical pivot (Fig. 96) wears under running con- 
ditions it is reasonable to assume that the wear at all 
points of contact will be such as to assure continued fit 
between pivot and step. Thus under assumption 2 (b) 
we assume that the wear in the direction of the thrust is 
constant. This assumption, as will be seen, necessarily 
impKes a variation in the magnitude of the normal 
pressure, p. 

Wear depends upon the work wasted in friction at any 
point. This work equals (iipdA) 2 vx per revolution for 
any area dA. The energy expended per unit area of 
contact is thus 2 Tupx, and this energy causes wear nor- 
mal to the surface of contact. This normal wear will 
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allow the pivot to move a distance proportional to 

. in the direction of the thrust, 
sin a 

Thus, to insure a continued fit of any pivot, 
px 



sin a 



-must be constant, 



for we assume ix constant in these discussions. 

In a conical pivot a is of course also constant so that 
here px is constant. 

Applying this condition to the conical pivot (Fig. 96) 
we have 

(2 irx ds) pfiX = 2 Tupx I xds 

^ f^' dx Tfipx / , ,x 
= 2 TTfipx I X - — = -H^ {r^^ — ri^). 
Jr^ sin a sm a 

To find px, we have 

p {2TX ds) siaa = 2ir{px) j dx = 2tr{px) (rz — ri), 

or {:px) = ■ — j^ r, 

so that M = ^-^^^nQ. 

2 sin a 

Exercise 186. (a) Show that the above formula reduces 
to \ TfiQ for a flat pivot. (Compare with result obtained on 
page 130.) 

(b) Plot the variation in pressure on the bearing surface of 
a flat and also of a collar pivot under the assumptions i and 
2 (b) stated on page 129. 

Exercise 187. Show that in a hemispherical pivot the 
f rictional resisting moment is 
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(a) - rfiQ, under the assumption of uniform axial wear, 

IT 

(b) - rnQ, under the assumption of constant pressure, 

(c) r/xQ, under the assumption that the intensity of the 
normal pressure equals k cos d, where the radius to the point 
of contact makes an angle 6 with the vertical and ^ is a con- 
stant to be determined from the equilibrium of the vertical 
components of the forces acting upon the pivot. Give the 
reasons upon which the assumptions made in (c) are based. 

In each case Q is the thrust on the pivot, ju is the constant 
coefl&cient of sUding friction, and r is the radius of the shaft 
and of its hemispherical end. 

Force Required to Tighten up Bolts. — Let 

P be the force exerted on the spanner, 
I the lever arm of the force P, 
Q the tension produced in the bolt, 
r the mean radius of the threads, 
fi the external radius of the bolt, 
^2 the external radius of the bearing surface of 

the nut, 
a the pitch angle of the threads, 
(j) the angle of friction. 
Then, during a rotation of d radians after the nut 
fairly bears, we have 

^ {rd tan a) = work done in stretching the bolt 
2 

( where -^ is the average force), 

Ml- ^' ~ ^\ id = work done in overcoming pivot 
2 t 2>ri^ - r-^ ) 

friction, 
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^dr ftan (a + <!>) — tana} = work done in overcoming 

2 

screw friction, 

pig 

— = work done at the spanner. 

2 

Hence, by the principle of work, we have 

:^=2^Srtana+^f'^4^)+.tan(a+<^)-rtanJ 
2 2^ 3 W - riV ) 

from which P may be found. 

Exercise i88. The dimensions of standard bolts are: 

d = the diameter of the bolt, 
.8 d = the diameter at the root of the threads, 
.i6 d = the pitch of the threads, 
1.4 <f = the external diameter of the bearing surface 
of the nut. 

The spanners used in tightening such bolts have an effective 
length of about 1$ d. The angle of the thread in the U. S. 
Standard bolt is 60°. 

(a) If fi is assumed as 0.15, find the tension produced in 
the bolt by a force of P pounds on the spanner. 

(b) If a workman is assumed to exert a force of 30 pounds 
upon spanners used in tightening bolts and the material of 
the bolt is assumed as capable of resisting a tension of 26,000 
pounds per square inch with a factor of safety of 5, what is 
the least diameter of bolt that can safely be used? 

Exercise 189. What force would loosen the nut in Ex. 
188 if it is tightened by a force of 30 pounds? 
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Section XXI 

FRICTION OF BANDS (Ropes, Belts, etc.) 

Normal Force Due to Bands in Tension. — As in Fig. 
97, assume a band in contact with a fixed cylinder over 
an arc ar and that this band is 
under a tension T. Then as no 
relative motion tends to occur 
no frictional forces are called 
into action and *he reaction of 
the cyhnder is every^vhere nor- 
mal to the band. 

Let p = the normal force 

Fig. 97 

on the band per unit of length, 

then pr dd is the normal force on any element, and as the 
forces acting on the band are in equilibrium the sum of 
the vertical components of all forces must be zero, 

a 

X2 a 

{pr dd) cos e — 2 r sin - = o, 
1 ^ 

. .a —,. a 

or 2 ir sm - = 2 i sm — > 

2 2 

T 
whence p = — • 

r 

Thus, the normal force between band and cylinder per 
unit of length of the band equals the tension in the band 
divided by the radius of the cylinder. 

The Effect of Friction. — If the tension at the right- 
hand end of the band (Fig. 97) is increased the band does 
not necessarily slip towards the right. Friction is called 
into play along the arc ^5. 

The frictional force on an element at A is greater than 
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the frictional force towards B, for the tension at A is 
greater than the tension at B and thus produces a greater 



,prdfl 



T+dT 



normal pressure at A than at B. 
Thus the friction along AB gradu- 
ally balances the excess of tension 
at ^. 

In Fig. 98, consider T^ > Ti and 
let Ms be the statical coefficient of 
friction. Then for impending mo- 
tion the excess of tension on any 
element of the band must be just 
balanced by the limiting friction on this element. This 




Fig. 98 



limiting friction equals fis {pr dd), where p = — the nor- 
mal force per unit of length. 

By equating moments about the center of the cylinder 
we obtain 



dT 



= Hs(p\rd9 



or 



-— = M. dd, 



whence log^ T = nsd + c, 

and as T = Ti when 6 = o, 
and for an arc of contact, a, when 



c = logj Ti, 



we have 



or 



io4;. 



MsCK 






the 



where a is measured in radians and e = 2.718 . . 
base of the Naperian system of logarithms. 

Exercise 190. T^ is how many times greater than Ti 
for impending motion in the case of a hemp rope wrapped 
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about a wooden drum (m« = 0.4) when the rope makes 0.5, i, 
2, 3.5 turns about the drum? 

Exercise 191. For leather belts on iron pulleys /*, may 
be taken as 0.25. What is the value of the ratio of the ten- 
sions at the two ends of a belt covering one-half the circum- 
ference of the pulley if relative motion is about to occur? 

Exercise 192. If the tension on the tight side of a belt 
is T2 and on the slack side is Ti show that the initial tension 
Tq (before driving occurs) must equal 

>• ■ ) 

2 2 e^'« — I 

where Ta — Ti is the effective driving force. 

Energy Transmitted by Belts. Neglecting the effect 
of the velocity of the belt, the energy transmitted would 
be 
(T2 - Ti)v = Ti (i — e""*"") V foot-pounds per second, 

if Ti = tension on the tight side of the belt, in pounds; 

Ti = tension on the slack side of the belt, in pounds; 

V = velocity of the belt at its mid thickness, in feet 

per second, 
a = the lesser angle of contact between belt and 

pulleys, in radians ; 
/i» = the statical coefi&cient of friction. 

Exercise 193. For single-ply leather belting Ti may be 

taken as 80 pounds per inch of width. The thickness of such 

belting is about 0.22 inch. Show that if 6 = width of the 

belt in inches, v its velocity in feet per minute, /Xj = 0.4, and 

bv 
a = ir radians, the H.P. transmitted is - — , approximately. 

Exercise 194. Show that under the conditions of Ex. 
193 the number of square feet of belting passing any point 
per minute per H.P. is 50. 
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The effect of velocity on the tension and hence upon 
the energy transmitted by a belt is considerable and 
should usually be allowed for in such 
calculations. That portion of the 
tension in a belt which supplies the 
necessary centripetal force whenever 
a belt moves in a circular path, some- 
times called the centrifugal tension, 
Pj^ can readily be computed as follows: 

Consider a differential length of 
the belt, ds, Fig. 99, moving in a circle of radius r with 
a velocity v. 
(Then if m is the mass of the differential element of the 

1,2 

belt the centripetal force = m— • 

r 

Let Tc be the tension which is just sufl&cient to furnish 

the necessary centripetal force, in pounds, 

w the weight of the belt in poimds per foot of 

length, 

V the velocity of the belt in feet per second, 

r the radius of the pulley in feet, 

and g the acceleration of gravity (32.2 feet per second 

per second). 

Then the centripetal force per element of belt 

_ v"^ w ds /v^\ 
= m_ = (- , 

r g \rl 

and as the centripetal (normal) force due to a tension 

T 
Tcper element of belt = —^ds (see page 135), 

, Ta J w ds i? 

we have — ds = 

r g r 
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SO that r„ = -v\ 

g 

If the tension in a belt is actually T pounds and T^ 
pounds of this tension is required to supply the centrip- 
etal force which causes the change in direction of the 
velocity of the belt, there remains only T — T^ pounds 
of tension available for the production of the normal 
pressure which in turn gives rise to the frictional forces 
necessary for driVing. 

Thus, instead of the formula 

which is used whenever a rope is about to slip over a 
stationary cylinder or pulley, we must use 

whenever the pulley and belt rotate with an appreciable 
velocity with T^ as the total tension on the tight side and 
Ti as the total tension on the slack side of the belt. 

The energy transmitted by a belt is thus more accu- 
rately 

Ti —, — J (i — e"""") V foot-pounds per second. 

Exercise 195. If T7 is the weight of belting in pounds 
per cubic inch, express Tc in terms of W. 

Exercise 196. Show that T^ = 0.012 btu^ for leather 
belts, where b is the width and t the thickness of the belt in 
inches. (Leather weighs 56 pounds per cubic foot.) 

Exercise 197. If a leather belt travels at a speed of 
3000 feet per minute when it ceases to drive the driven pulley, 
what is the tension in the belt at this time? 



'->J\ 
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Exercise 198. Show that A. F. Nagle's Formula (Trans. 
A.S.M.E., Vol. II, 1881, page 91, or Kent, 8th Edition, page 
1 1 17) is equivalent to the formula above deduced. 

Exercise 199. Show that the energy transmitted by a 
belt becomes a maximum for a velocity 

and that the maximum energy transmitted is 

- T'2 (i — e~ "'") v — ^ foot-pounds per second. 

Exercise 200. A leather belt which can stand a working 
tension of 80 pounds per inch of width is 0.22 inch thick and 
weighs 0.03s pound per cubic inch. Assuming jx^ = 0.4, and 
the arc of contact 180°, find the maximum H.P. which the 
belt can transmit per inch of width and the velocity at which 
it must be run to transmit this power. 

Exercise 201. What power would the belt transmit at 
the velocity computed in Ex. 200 if the centripetal force could 
be neglected? 

Belt Creep. — Both the simple formula for the power 
transmitted by belts and the more exact one which takes 
into account the action of centripetal force were deduced 
under the tacit assumption that belts are inextensible. 
As all belts stretch under tension these formulas must be 
regarded as approximations which experiments show to 
be sufficiently accurate for most purposes. 

Calculations involving the elasticity of materials (dis- 
cussed in Mechanics of Materials) lie without the scope 
of this book, but a brief general description of the effect 
of elasticity upon the transmission of energy by belts 
may not be out of place. 

It is evident that belts transmitting energy never do 
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SO under the limiting conditions of friction assumed 
above. Either the Umiting friction is not called into 
action or, as it will be more convenient for our analysis, 
it may be conceived that the limiting friction acts over 
only a portion of the arc of contact between pulley and 
belt. Over the remaining portions of the arc the friction 
may then be considered negligible. In Fig. loo let the 
arc over which the limiting friction acts be BC. Then 
if T2 > Ti and motion is about to occur in the direction 
indicated by the arrow, so that Fig. loo represents the 
driven ptilley, we may put 

Ti = Ti «"•"' < Ti €^'", 

where a is the angle subtended by the arc BC and a is 
the angle subtended by the arc AD. The increase in 
tension from Ti to T2 occurs in the arc BC while the 
tension thruout arc AB is Ti, and thruout arc CD, T^. 





Fig. 100 Fig. ioi 

If now the pulley moves, no change occurs until C 
reaches D. Any further motion must cause an increase 
in tension at B, Fig. loi, for the change from Ti to T^ 
cannot occur over an arc subtending an angle less than a. 
Thus the element of the belt arriving at B must stretch 
under the increasing tension, for on leaving the pulley 
at D its length corresponds to a tension T^. Hence a 
greater length of belt leaves the driven pulley at D than 
is taken on at A during the same time. 
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Under these conditions the belt is said to creep from 
5 to Z? in the direction of its motion. The creep must 
be carefully distinguished from ordinary slip which 
occurs when the difference in tensions, Ti — Ti, is so 
great that the limiting friction over the whole arc of 
contact can no longer prevent the motion of the belt as 
a whole relatively to the pulley. 

The slipping of belts is preventable by proper design, 
but the creeping of belts must occur. 

It can be shown by a similar argument that the belt 
must creep in a direction opposed to its motion over a 
portion of the surface of the driving pulley. 

Moreover, the driven pulley has an angular velocity 
corresponding to the linear velocity of that portion of 
the belt whose tension is Ti, while the driving puUey has 
a velocity corresponding to that portion of the belt whose 
tension is T2. 

AU this leads to the conclusion that the driven puUey 
rims slower than calculations neglecting the creep would 
show, and as the effective tension {T2 — Ti) at driven 
and driving pulley is the same the ef&ciency of belt trans- 
mission must be less than 100 %. Experiments tend to 
show that the.loss due to creep in properly designed belts 
should not be more than i or 2 %. 

An interesting experiment illustrating creep may 
readily be performed by means of an india-rubber (highly 
elastic) belt passing over equal pulleys. Here the highly 
exaggerated creep is rendered strikingly obvious. 

For further information on this and other problems 
relating to the transmission of energy by belts, especially 
at high speeds, the reader is referred to C. Bach, Die 
Maschinen-elemente, Zehnte Auflage, a paper by Wm. 
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W. Bird,* and especially to the work of C. O. Gehrckensf 
and of Kammererl of Charlottenburg. A synopsis of 
some of the above references will be found in a paper 
entitled A New Theory of Belt Driving by Silby Haar. § 

Section XXII 

JOURNAL FRICTION 

In order to confine the motion of a shaft to a rotation 
about its axis, the shaft is supported by bearings. That 
portion of the shaft which is in contact with the bearing 
is called the journal. Bearings and journals are usually 
cylindrical surfaces, the diameter of the journal being 
slightly smaller than that of the corresponding bearing. 

When the shaft rotates, sliding friction occurs at the 
surfaces of contact between journal and bearing. 

Theoretical calculations involving the relation between 
the coefficient of sliding friction and the moment of the 
frictional resistances at journals necessarily depend upon 
the assumptions made in regard to the distribution of the 
pressure between the journal and its bearing. i| Various 
results have been obtained under various assumptions 
much in the same manner as in the case of the friction 
of pivots. Attempts have also been made to investigate 
thedretically the difference between new and worn bear- 

* Bird: Trans. A. S. M. E. a6, 584. 1905. 
t Gehrckens: Z. d. V. d. I. 37, 15. 1893. 

52, 1443, 1820. 1908. 
t Kammerer: Z. d. V. d. I. Si^ 1085. 1907. 

52, 1444. 1908. 

53, 661. 1909. 

§ Haar: Journal A. S. M. E., Dec, 1910, p. 1997. 
II C. Bach: "Die Maschinen-elemente, Zehnte Axiflage," p. 494 et. 
seq., 1908. 
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ings. When these results are checked by experiment 
they are found unsatisfactory, so that it is usual to dis- 
card the theoretical formulas and base all calculations 
concerning journal friction directly upon experimental 
investigations. 

We shall discuss as an illustration of the theoretical 
formulas only the simplest case, i.e., the case of 

The Worn Bearing. — Let Fig. 102 (a) represent a 
journal at rest in a bearing whose wear has been much 
exaggerated. If the resultant force, R, upon the journal 
is vertical the reaction of the bearing will be vertical and 
the journal will occupy the lowest possible position in the 
bearing, as shown. 

Assume now that the shaft rotates in the direction 
indicated by the arrow, the resultant of all forces upon 
it still remaining vertical. It does not now remain in 
position and rotate about its axis but rolls upon the sur- 
face of the bearing until the angle indicated by 4>s in 
Fig. 102 (b) becomes equal to the statical angle of fric- 
tion. Then slipping occurs and the journal descends to 
a somewhat lower position (for 0^ < <>») and retains 
this position as it continues to rotate about its axis in 
this new position. 

In Fig. 103 let P represent the driving force and Q 
the useful resistance applied to pulleys (not shown) 
fastened to the shaft whose journal friction is to be con- 
sidered. Let be the point of contact between the 
journal and the bearing. Neglecting the weight of 
shaft and pulleys, equilibrium can only exist if the re- 
action of the bearing, R, passes thru the intersection of 
the lines of action of P and Q and of course thru 0. 

As the resultant force at the surface where sliding 
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occurs always makes an angle with the normal to these 
surfaces R may be resolved into R cos <^, the normal 
force, and R sin <(>, the frictional force acting upon the 
journal. 




Fig. I02 




The resisting moment due to friction is thus (Bsin<(>) r, 
where r is the radius of the journal and R is the resultant 
pressure upon the bearing. 

Exercise 202. Here the frictional force equals R sin 0. 
Does this really differ from our previous expression for sliding 
friction? 

For convenience in the graphical solution of problems 
involving journal friction the friction circle is used. This 
circle is drawn tangent to the Kne of action of R in Fig. 
103 and has the center of the journal as its center. The 
figure shows its radius to be r sin (^. As the point 
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is in general undetermined the friction circle is always 
drawn concentric with the journal and of radius r sin 
(or its equivalent, see page 148) and it then assists in 
locating the hne of action of the force transmitted by the 
bearing to the journal. 

Note carefully that the hne of action of this force must 
be tangent to the friction circle upon that side which 
will cause the reaction to resist the motion. 

Exercise 203. A shaft makes n r.p.m.; if one of its 
journals is i inches in diameter and transmits a pressure of R 

pounds to its bearing, find the 
H.P. lost in friction at this bear- 
ing. 

Exercise 204. Find the work 

lost per minute in friction at a 

Fig. 104 journal revolving at n r.p.m. in a 

v-bearing, Fig. 104, if R pounds 

is the total vertical pressure on the journal whose radius is 

r inches, the angle of friction being <^. 

As already stated the coefl&cient of sliding friction, or 
its corresponding angle, is not used in computations 
involving journal friction as would be indicated by the 
above solutions. 

This is due in part to the assumptions which must 
necessarily be made in arriving at these theoretical 
formulas, also to the fact that journals are usually 
subjected to much more effective lubrication than sur- 
faces at which ordinary sUding friction occurs. This 
changes the conditions under which the coefficients are 
determined to such an extent that new coefficients of 
journal friction must be foimd experimentally. These 
will be found in engineering hand-books (see page 104). 
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Morin made some of the first experiments on joiimal 

friction. His results were obtained under conditions of 

velocity, pressure, and lubrication hardly consistent 

with modern practice. Morin foimd that the friction 

was independent of the velocity and proportional to the 

p 
load, the coefficient /* = „ depending only upon the 

nature of the surfaces and upon their lubrication. 

G. A. Hirn * published his results on the friction of 
lubricated joumate in 1884, showing that the friction 
decreased with increasing temperature. Thurston f also 
made extensive experiments on the lubrication of and 
the frictional resistances in journals under various con- 
ditions of velocity, pressure, and temperature. Perhaps 
the most extensive experiments were carried out under 
the committee on friction of the Institution of Mechani- 
cal Engineers by Beauchamp Tower.f Goodman § 
reviewed the work of Thurston and Tower in Trans. 
Inst. C.E., 1886. 

For references to recent theoretical and experimental 
investigations on journal friction the reader is referred 
to the Engineering Index. 

Experiments have shown that the coeflBicient of journal 
friction Mj depends upon the pressure, the velocity of 
sliding, the lubricant and method of lubrication, the 
temperature, and the design of the bearing. It should 

* Him: Sodfitl Industrielle de Mulhouse, 1855. 
t Thurston: " Friction and Lost Work," 1885. 
t Tower: Proc. Inst. Mech. Eng. — ,632. 1883. 

— , S8. 1885. 

—,173. 1888. 
§ Goodman: Eng'g News, 19, 241, 264, 288. 18B8. 
Browne: Engineer, 58, S7- 1884. 
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be remembered that in thoroly lubricated journals the 
friction is really not friction between solids, but fluid 
friction, for the lubricant forms a film between the bear- 
ing and journal. 

In view of the foregoing it is foimd advisable to use 
IXjt instead of r sin0 as the radius of the friction circle, 
where r is the radius of the journal and m, is the coefficient 
of journal friction to be determined as such by experi- 
ment. 




Fig. ios 

As an application of the friction circle consider the 
wheel and axle shown in Fig. 105. Let P be the driving 
force, Q the useful resistance, and W the weight of the 
wheel, axle, and shaft. The diameters of both the jour- 
nal and its friction circle, whose radius is ;u/, have been 
purposely exaggerated for clearness. 

P and W are known; Q and R, the pressure on the 
bearing, are required. 

Find first the resultant, P! , of P and W . Then the line 
of action of the force on the journal, R, must pass thru 
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the intersection of the lines of action of R' and Q and it 
must also be tangent to the friction circle. Moreover, 
as the force R transmitted by the bearing to the journal 
is upward and as the motion considered is clockwise, the 
point of tangency must lie on the right side of the friction 
circle so that R may oppose the motion. 

A triangle of forces drawn with R' as base and whose 
sides are parallel to R', R, and Q will complete the 

solution. 

• 

Exercise 205. What changes in Fig. 105 would be 
necessary 

(a) for backward motion, i.e., Q overcoming P, 

(b) for frictionless motion? 

Exercise 206. Find the efficiency of a wheel and axle 
(radii 4' and 2'), the radius of the journal being 6 inches and 
Hj = 0.2; the useful resistance at the axle is vertical and 
equal to 100 pounds, while the driving force is horizontal 
for (a) forward motion, (b) backward motion. 

Exercise 207. Find the vertical force required to (a) 
lower, (b) raise a load of 300 pounds by means of a fixed pul- 
ley 4 feet in diameter having a journal 6 inches in diameter 
with M; = 0.1. Solve both graphically and analytically. 

From the solutions of the above example and exercises 
note that whenever the line of action of the resultant 
pressure, R, transmitted from the bearings to the journals 
of a shaft forms a secant to the friction circle no motion 
is possible. If the apphed forces are so changed as to 
cause the line of action of the force R to become tan- 
gent to the friction circle motion is about to occur, or 
continues with constant velocity. If the line of action 
of R neither intersects nor touches the friction circle 
accelerated motion occurs. 



CHAPTER VII 

FURTHER APPLICATIONS TO MACHINES 

Section XXIII 

MEMBERS OF MACHINES ACTED ON BY TWO FORCES 

In kinematics of machines those parts or members 
between which there exists surface contact are usually 
called lower pairs. There are only three ways in which 
lower pairing can occur, i.e., thru the action of 

(a) sliding pairs, such as the piston and cyUnder 

or the crosshead and its guides in the steam 
or gas engine; 

(b) turning pairs, such as a journal and its bearing 

or a loose pulley on a shaft; 

(c) screw pairs, such as the common screw and its 

nut. 

Either part of any one of the above lower pairs is called 
a kinematic element and any part or member of a machine 
carrying two such elements is called a link. 

The main mechanism of the ordinary steam engine 
(Fig. io6) contains four links, each of which carries two 
elements. 

The link a carries gmdes at i and a bearing at 2 ; link b 
carries a journal at 2 and another journal at 3 ; link c car- 
ries a bearing at 3 and another bearing at 4; and link d 
(i.e., the block) carries one element of the sliding pair 
at I and a jomrnal as an element of a turning pair at 4. 

ISO 
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The link d (Fig. io6) is usually expanded so as to com- 
prise the piston, piston-rod, and crosshead; this in no 
way affects the kinematics of the machine, while it does 
alter the forces acting upon this link. 




Fig. 106 

The forces transmitted by sliding pairs have been 
considered on page iii, and on page 143 the forces acting 
on turning pairs were discussed. It remains to apply 
these results to some problems 
involving several of these 
pairs. 

Consider first the action of 
a link carrying one member 
of each of two turning pairs 
and acted on by no forces, 
except such as are transmit- 
ted by these turning pairs. 

To fix our ideas, consider 
link a of the machine illus- 
trated in Fig. 107 as the link 
carrying one element (say the bearings) of each of the 
turning pairs i and 2. . Here link c is the fixed link or 
frame of the machine. 

Also assume the link d to drive in the direction indi- 
cated by the arrow. 

From the discussion on page 145 we know that the 




Fig. 107 
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force transmitted from link d to link a thru the turning 
pair I must have its line of action tangent to the friction 
circle of the turning pair at i . This friction circle (dotted 
in Fig. 107) has been much enlarged for the sake of clear- 
ness; its radius should equal the product of the radius 
of the Journal at i and the coefficient of Journal friction 
Hj as found by experiment. 

We must now determine upon which side of this fric- 
tion circle the point of contact between it and the hne of 
action of the transmitted force lies. This depends upon 
two considerations : first, the direction of the force trans- 
mitted ; and second, the direction of rotation in the turning 
pair. Great care must always be taken to consider the 
motion of the link, upon which the force is supposed to 
act, relative to the motion of the other Hnk. 

In our particular illustration when the force trans- 
mitted from Hnk d to link a is used, then the motion of 
link a relative to Hnk d must be used simultaneously. 
Here the force transmitted to link a is upward and link a 
moves in a coimter-clockwise direction relative to Hnk d 
when this Hnk drives as shown by the arrow. There- 
fore, this upward force upon Hnk a must act to the left 
of the center of the turning pair i in order to oppose the 
counter-clockwise motion of the Hnk a. 

We might also have argued thus: The force acting 
at I upon link d is downward. The motion of link d 
relative to Hnk a is clockwise. Therefore, in order to 
oppose the clockwise motion of Hnk d the downward force 
acting upon it must act to the left of the center of the 
turning pair at i. 

Next draw the friction circle for the turning pair at 2. 
Then as link a acts on link h thru 2 in an upward direc- 



FURTHER APPLICATIONS TO MACHINES 1 53 

tion and link b moves clockwise relatively to link a, the 
force must act to the right of center 2 in order to oppose 
the motion. Or, again, link b presses downward upon 
link a and link a moves coimter-clockwise relatively to 
link b; therefore, the point of contact must lie to the right 
of center 2. 

As no force other than the reactions at i and 2 act upon 
the link a (its weight neglected) these forces must, for 
equilibrium, oppose each other along the same line of 
action, and this line of action must be the common inter- 
nal tangent of the friction circles, tangent to circle i on 
the left and tangent to circle 2 on the right, as shown. 

The line of action of the force transmitted by the link 
is called the friction ajds of the link. 

Exercise 208. Show clearly the line of action and direc- 
tion of the forces acting upon 

(a) link a (Fig. 107) at i and 2, 

(b) link d a.t I, 

(c) link 6 at 2. 

Exercise 209. Sketch the friction axis of the link a in 
each of the machines shown in Fig. 108. The arrow in each 
case indicates the driving link and its direction of motion. 

Exercise 210. Sketch the friction axis of the link c 
in the chain illustrated in Fig. 106 (which represents the 
mechanism of the steam engine) ; assume the engine to run 
clockwise and make four sketches showing the friction axis 
when the link b lies in each of the four quadrants. 

Return now to the problem illustrated in Fig. 107 and 
let P (Fig. 109) be the driving force, which is wholly 
known, and Q the useful resistance, unknown in magni- 
tude. Assuming all links as weightless, find all forces 
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acting upon the machine. As already explained (page 
153) the friction-axis is the line of action of the force L 
transmitted by the link a. 

Consider the forces acting upon link d. Here P is 
wholly known, L is known as regards its line of action 





mmw////Mmm. 

Fig. 108 Fig. 109 

and direction (downward upon link d), and Ri, the re- 
action at 4, is wholly unknown. 

As only three forces act upon hnk d the intersection of 
L and P gives a point on the line of action of i?i. Also 
Ri must be tangent to the friction circle at 4. The 
general direction of the resultant of L and P being 
towards the right, Ri, equal and opposite to this resultant, 
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must act towards the left. To oppose the motion of the 
link d it must be tangent to the friction circle 4 on the 
upper side. It also passes thru the intersection of P and 
L. The line of action of i?i is thus determined. 

With P as a base the triangle of forces P, L, Ri can 
now be constructed, determining L and Ri. 

Passing to the hnk b, we have the direction of the lines 
of action of L and Q; their intersection is a point on Ri. 
L acts upward upon hnk h and Q acts downward (oppos- 
ing the force P and the motion of hnk b) ; their resultant 
acts towards the right; thus R^ for equilibrium must act 
towards the left. To oppose the motion of hnk b, R2 
must thus be tangent to the friction circle at 3 on its 
upper side. 

Upon L as base the triangle of forces L, Q, R2 can now 
be constructed. This triangle determines the magni- 
tudes of Q and R2. 

Exercise 211. Make separate sketches showing links 
a, b, and d (Fig. 109), as free bodies. Carefully indicate the 
directions of all forces. 

Exercise 212. Assume the magnitude, line of action, 
and direction of a useful resistance, and the line of action 
of a driving force in Fig. 108 (b) and (c) and find all other 
forces. 

As another important hnk occurring in machines, con- 
sider a link joining a sliding pair and a turning pair. A 

hnk of this nature carries one member of the turning pair 
(the bearing) and one of the two shding surfaces forming 
the shding pair. This hnk should also be conceived as 
acted upon only by the forces transmitted by the pairs 
joined by it; thus it is acted on by two forces only. 
An illustration of this kind of hnk is furnished in the 
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mechanism for transforming rectiKnear motion into cir- 
cular motion by means of a slotted crosshead. 

In Fig. no the block sliding in the slotted crosshead 
is the hnk under consideration. This Unk carries the 
bearing in which the crank pin turns. 




Fig. iio 

If the crosshead drives towards the left as indicated 
by the arrow P, then the block is pushed towards the 
left and contact occurs on its right side. The force 
transmitted to the block by the crosshead will be towards 
the left. The motion of the block relative to the cross- 
head will be downward. Therefore, the force acting on 
the block will be inclined to the normal of the sKding sur- 
faces at an angle ^ as shown by the hne .45 in Fig. no. 
The Kne of action of this force is not yet determined; 
only its direction is known; it must be parallel to AB. 

The block is acted on by another force, namely, the 
force transmitted by the crank-pin journal to its bearing 
in the block. As the crank resists the counter-clockwise 
rotation impressed upon it the force transmitted to the 
block will be towards the right. The motion of the 
block relative to the crank is one of clockwise rotation. 
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To hinder this rotation the force towards the right must 
be tangent to the lower side of the friction circle. The 
direction of this force is unknown, but its line of action 
must be tangent to the friction circle on the lower side. 
As only two forces act upon the block (its weight 
is neglected) these forces must have the same line of 
action. Thus the only line of action satisfying the 
requirements of both sliding and journal friction is the 
line RR, Fig. iiq. 

Exercise 213. Show the direction of the force trans- 
mitted by the block 

(a) to the slotted crosshead, 

(b) to the crank. 

Do these forces oppose motion? 

(c) Show the forces acting upon the block. 

(d) What would be the direction and position of the line 
RR, Fig. no, if all surfaces were smooth? 

Exercise 214. Find the line RR, Fig. no, if the crank 
drives the crosshead 

(a) towards the left, 

(b) towards the right. 

Exercise 215. Assume a vertical resisting force Q tan- 
gent at the left to the largest circle in Fig. 1 10 (representing 
a pulley) and find Q for a given driving force P. Consider 
the crank, pulley, and shait as of one piece and neglect all 
weights. 

Exercise 216. Solve Ex. 215 when the block lies in the 
second quadrant of the return stroke. 

Exercise 217. If, in Ex. 215, Q drives, find Q for a 
given p. 

Exercise 218. In Ex. 215 indicate the direction and 
magnitude of the forces acting upon the bearings supporting 
the shaft and upon the guides supporting the slotted cross- 
head and its rod. 
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Section XXIV 



GENERAL PROCEDURE FOR ANALYZING THE FORCES 
ACTING UPON ANY MACHINE 

I. Consider the machine frictionless and find all forces 
acting upon the various members. 

(a) Find all links acted upon by two forces only and 
determine their line of action. 




Fig. Ill 

(b) Start with that member of the machine upon 
which the given force acts and determine all other forces 
acting upon it by means of the conditions of equilibrium. 

(c) Proceed from member to member until all mem- 
bers have been considered. 

(d) Determine where contact occurs and the direction 
of the forces on the various members at these points of 
contact. 

II. Introduce the modifications due to friction, paying 
careful attention to the information developed during 
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the analysis under I, and find the magnitudes of the new 
forces which now replace the forces found in I. 

As an example find the force Pi necessary to drive 
the mechanism shown in Fig. in against a given resist- 
ance Qi. 

This mechanism consists of the following parts: the 
sliding rod (i), the link (Z), the slotted crank (2), the 
sliding block (B), the crank disk, pulley and shaft (3), 
the guides (4) 2^d (5) supporting the sliding rod, the 
bearing (7) supporting the shaft, and the bearing (6) 
supporting the slotted crank. 

The mechanism is first assumed frictionless. 

The links acted on by only two forces are (L) and (5), 
weight neglected. 

The line of action of the force transmitted by link (£) 
coincides with its center line; i.e., along SiS2- The line 
of action of the force transmitted by Knk (B) must pass 
thru the center of its bearing and be normal to its sliding 
surfaces, along the line R2RS. 

As the force Qi is given, start with the member (i) 
upon which it acts and determine all forces acting upon 
this member. 

Let 5 be the force transmitted by (L) ; then Si indicates 
the line of action and direction of the force transmitted 
by (L) to (i) ; also let ^2 be the force transmitted by 
(L) to (2). Here 5i equals S2 and (L) is in tension to 
the extent of 5 (= 5i = S2) pounds. Link (L) need be 
considered no further. 

Notation. — Note that the capital letters denoting 
forces acting on (i) will carry a subscript i, the capital 
letters denoting forces acting on (2) will carry a subscript 
2, etc. As action and reaction are equal the same letters 
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will be used in denoting such pairs of forces. Thus, all 
forces designated by the same letter will be equal in 
magnitude irrespective of their subscripts. 

Not only do Qi and ^i act on the member (_i) but 
other forces are transmitted to it by the guides (4) and 
(5). The lines of action of these forces are vertical; 
their directions and magnitudes are unknown. The 
magnitude of Si is also imknown. Thus (i) is in equi- 
librium imder the action of four forces. The standard 
construction for four forces (see page 50) shows that 
Ui acts upward and Vi downward. Therefore contact 
occurs between (i) and the lower guide at (4) and be- 
tween the rod and the upper guide at (s). 

Exercise 219. If Qi in Fig. in is changed so as to act 
horizontally 

(a) along the rod (i), 

(b) above the rod (i), 

find the surfaces of contact at the guides (4) and (5). 

Exercise 220. If friction occurs at the guides (4) and 
(s), Fig. Ill, indicate the directions of the forces transmitted 
to the rod. 

Exercise 221. Same as Ex. 220 under the conditions 
of Ex. 219. 

Pass now to the member (2). The forces acting upon 
it are due to the contact of (2) with (L), (B), and (6). 
(L) acts upon (2) with the force S2, the magnitude of 
which (= Si) has already been determined. (B) acts 
on (2) with a force whose line of action is along the 
line R2R3 but this force is otherwise as yet unknown. 
Finally the third force acting on (2) is T2 wholly un- 
known, except that its line of action must pass thru the 
center of the bearing at (6) . 



FURTHER APPLICATIONS TO MACHINES l6l 

Exercise 222. Assume the inclination of S2 to be such 
that the lines of action of 52 and R2 

(a) meet to the right of (2), 

(b) meet to the left of (2), 

(c) are parallel, 

and find R2 and T2 by means of freehand sketches. 

The results of Ex. 222 show that R2 is directed towards 
the right. Thus, as (B) pushes (2) towards the right, 
contact must occur along the right side of (B). 

Note also from Ex. 222 that T2 always has a horizon- 
tal component towards the left. Thus T2 may in general 
be said to be directed towards the left. 

The link (B) need not be considered further; it is in 
compression to the extent oi R(= R2 = R3) pounds. 

Exercise 223. If sliding friction occurs between (B) 
and (2), Fig. in, sketch the new line of action of R. 

If journal friction occurs between (B) and (3) sketch the 
new line of action of R. 

Sketch the new line of action of R for both sliding and 
journal friction. 

Exercise 224. Referring to the solutions of Ex. 222 
show how 

(a) friction between (6) and (2), 

(b) friction between (6) and (2), 

in addition to all friction indicated in Ex. 223, will affect 
each of these solutions. 

Next, member (3) is acted on by R^ equal in magni- 
tude to R2 determined above, by- Pz imknown in magni- 
tude, and by a force N3 transmitted to it by the bearing 
(7) and passing thru the center of the bearing. 

Exercise 225. Find N3. Note that its direction is 
towards the right. 



l62 



APPLIED STATICS 



Exercise 226. Modify the solution of Ex. 225 so as to 
include friction between (7) and (3). 

Having found the directions of all forces and the sur- 
faces of contact involved when the machine is frictionless, 
proceed now to the systematic consideration of the effect 
of friction. 




Fig. 112 



In Fig. 112 the sketch of the mechanism is repeated. 
Here all dotted circles represent the friction circles of 
the turning pairs, all much exaggerated for the sake of 
clearness. 

Again start with links (Z) and (B). The forces Si 
and ^2 now act along the friction axis of the link. (See 
page 153.) The forces i?2 and R3 act along a line deter- 
mined by the method outlined on page 156. 

In determining these lines of action great care must 
be taken to consider the forces acting on the link together 
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with the motion of the link. The forces 52, S3, R^, and 
i?3 must not be used unless the motions of the members 
upon which these forces act relative to the link considered 
are also used. 

For instance, (B) pushes (2) towards the right (Fig. 
Ill), but (2) pushes (B) towards the left, and as (B) 
moves downwards relatively to (2) the new line of action 
must be inclined below the normal on the right side at 
an angle 0. 

Again, (B) pushes (3) towards the left. Fig. in, but 
(3) pushes (B) towards the right. As (B) rotates 
counter-clockwise relatively to (3) the Hne of action 
must be tangent along the upper side of the friction 
circle so as to hinder this motion. 

Fig. 112 sufficiently explains the other modifications 
due to friction. 

Exercise 227. Find all forces acting upon the members 
of the machine illustrated in Fig. 112, including all frictional 
resistances. 

Exercise 228. Sketch all parts of the machine illus- 
trated in Fig. 112, as well as all points of support (fixed points 
on the machine frame) and show the forces acting on each 
part. 

Exercise 229. Consider the machine. Fig. in, friction- 
less, with the slotted crank in the position shown, but during 
its return stroke. Find the resistance at Q necessary to 
balance a given driving force at F. 

Exercise 230. Same as Ex. 229, but including all fric- 
tional resistances. 

Exercise 231. Find Q for a given P in Fig. 113, the 
machine to be considered frictionless. 

Exercise 232. Same as Ex. 231, but all frictional re- 
sistance to be included. 
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In some cases the weights of certain members of a 
machine are of such magnitudes as compared to the 
forces transmitted that these weights must be taken into 
account. 

For instance, the large circle in Fig. 113 may represent a 
fly-wheel to the periphery of which the force Q is applied. 



Fig. 113 

To include this known force in the construction combine 
it with the force transmitted to the rotating parts by the 
connecting-rod. This resultant force may now be re- 
garded as the only known force applied to the rotating 
parts of the machine and the usual method may be used 
to determine Q and the bearing reaction. 

Exercise 233. Modify the solution of Ex. 232 so as to 
include a given weight of fly-wheel. 

Exercise 234. Assuming a weight for the fly-wheel, Fig. 
113, and a force P, find Q when the crank has made a half 
revolution from the position shown in the figure, 

(a) assuming the machine to be frictionless, 

(b) including all frictional resistances. 

(c) What forces determined in (a) and (b) may be used to 
compute the eflSciency of the machine for the phase of its 
cycle imder consideration? 

Exercise 235. In Fig. 114 assume the resistance Q and 
find the force P required to overcome this resistance, all 
frictional resistances to be included. 
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Exercise 236. Sketch each member of the machine, 
Fig. 114, and show all forces acting upon these members. 




Fig. 114 

Exercise 237. Sketch the frame of the machine, Fig. 
114, and show all forces acting upon it. 

Exercise 238. In Fig. 115 find P for a given Q. 




Fig. 115 

In Fig. 116 is shown an oscillating steam cylinder 
driving a crank. Note that the steam acts both on 
the piston and on the cylinder head. When frictional 
resistances are considered, the piston-rod, piston, and 
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cylinder should be regarded as a link joining the trunnion 
A (supporting the cylinder) and the crank pin B. The 
friction axis of this link can then be determined. Next 
consider the piston-rod and piston as a free body; note 
the reactions introduced by reason of the friction at the 
stuflSng box C, and at the piston circumference. 

Exercise 239. Assuming P, find Q, Fig. 116, friction 
neglected. 




Fig. 116 

Exercise 240. Solve Ex. 239, aU frictional resistances 
included. 

Exercise 241. Show the forces acting upon the frame 
of the machine illustrated in Fig. 116. 



CHAPTER VIII 

RESISTANCE TO ROLLING 

Section XXV 

INTRODUCTION 

Whenever a "cylinder rolls upon a plane or another 
cylindrical surface a certain resistance to the motion 
occurs. Consider a cylinder resting upon two horizontal 
rails, Fig. 117, and supporting a perfectly flexible cord 
weighted with equal weights, W, as shown. If there 
existed no resistance to rolling the smallest additional 
mass added to either weight W would cause accelerated 
motion of the cylinder. 




WY 



Fig. 117 




'VV+W' 



Exercise 242. Compute the angular acceleration of 
the cylinder (mass, mi; radius, r) shown in Fig. 117, due to 
masses M and M + m suspended at W and W respectively, 
resistance to rolling neglected. 

Experiment shows that a slight increase in either 
weight W is not sufficient to produce motion, or maintain 

167 
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motion with constant velocity. This is explained by 
considering the reaction of the rails, N, displaced as 
shown in Fig. ii8. The displacement, a, is called the 
coefficient of resistance to rolling. It is not a pure num- 
ber without physical dimensions such as the coefficient 
of friction m; it is a length. 

If the excess in weight, w, is just sufficient to maintain 
motion with constant velocity then by means of the 
conditions of equilibrium we obtain 

w w 

a — —r = 



N 2W + W1 + W 
Exercise 243. Deduce the above equations. 

From this equation a may be computed. It has been 
foxmd to equal 

0.06 feet for wood on wood, 
0.005 to 0.002 feet for metal on metal. 

For wagon wheels 

on soft soil a = 0.065, 

on smooth hard roads a = 0.02. 

Coulomb found that a is independent of r. However, 
as a must always remain a very small fraction of the 
circumference of the cylinder it is evident that a must 
diminish as r becomes smaller. 

Later Dupuit found that a is independent of the 
velocity but proportional to the square root of the 
diameter of the roller. 

As the resistance to rolling is very small and as the 
experiments for its determination involve other frictional 
resistances or the stiffness of cordage, the accurate de- 
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termination of a is very difficult and the laws governing 
this resistance are as yet imperfectly known. 

To conceive of the nature of this resistance to rolling 
remember that, no matter how hard both roller and rails 
may be, the contact can never be a hne contact. The 
roller and rails must be deformed and surface contact must 
occur. This deformation of continually new surfaces as 
rolling progresses must involve a waste of work, for no 
substance is perfectly elastic. Also the compression of 
the roller in a radial direction involves a lengthening in 
the circumferential direction. All portions of the roller 
are thus lengthened circumferentially when they come in 
contact with the rails; they contract again on leaving the 
rails. Similar changes, altho not necessarily of equal 
magnitude, occur in the rail. The net result causes the 
displacement of the wheel along the rail, per revolution, 
to be slightly shorter than the circumference of the wheel, 
and causes a continuous creeping of the wheel over the 
rail very like the creeping of belts over their pulleys 
when power is transmitted. (See page 140.) 

These complicated actions occasion a loss of energy 
and may all be conceived as assisting in causing the dis- 
placement of the reaction between roller and rails as 
indicated in Fig. 118. 

Returning to Fig. 118, assume two equal and oppositely 
directed forces each equal in magnitude to N and parallel 
to N, applied at 0; then the effect of the resistance to 
rolling can evidently be regarded as a couple whose 
moment is Na (equal here to wr) and which opposes the 
motion. The total action of the rails upon the roller 
must now be represented by the normal reaction of the 
groimd, N, passing thru 0, and the couple Na. 
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As an application consider the motion of a cylinder 
placed upon an inclined plane, 
Fig. 119. 

The forces acting upon the 
cylinder are W, its weight; N, 
the normal reaction of the in- 
clined plane; F, the frictional 
reaction of the plane; and, as 
resistance to rolling is to be included, a couple Na, which 
hinders the motion, must be added. 
If fli is the acceleration of the mass center, 

a, the angular acceleration about the mass center, 
r, the radius of the cylinder, 
m, its mass, 
/, the moment of inertia of the cylinder about its 



(i) 

(2) 

o. ... (3) 





geometrical axis, 




then the 


equations of motion 


are 




Fr- 


■Na = 


■la, . 




Wsind 


-F = 


■■ mai, . 




Wcosd 


-N = 


-- m(o) 


From these equations we have 




N = 


WcosB, 




ai = 


gsin 


m 




ni = 


Fr- 


Na 



If the cylinder is to roll down the plane without slip- 
ping, the component acceleration along the plane of the 
element of the cylinder in contact with the plane must 

be zero, so that 

ai — ar = o. 
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Exercise 244. Show that under these conditions the 
adhesion between the cylinder and the plane must be 

F=-Wcose(ta.nd+2-\ 



(Remember that the / of the cylinder about its axis equals 

•) 



mr 
2 



Exercise 245. Is F always equal to ti,W cos d or 
HkW cos 0} , 
Show that for pure rolling, the slope of the plane 

a 
tuno ^ 3M« — 2 -• 

Under these conditions how does the value of 6 affect the 
adhesion F? 

Exercise 246. Show that under the conditions imposed 

in Ex. 245 

2 / . „ a „\ 
»i = -g(sm0- -cos 9 1, 

a = — • 
r 

Exercise 247. Show that a cylinder dragged along a 
horizontal plane by a horizontal force acting on its axis will 
slide as well as roll when 

(3^.-2^), 

o n. 

or when At, < 

a*- 

For the graphical solution of problems of equilibrium 
involving resistance to rolling it is more convenient to 
combine the normal reaction N, Fig. 119, with the couple 
Na opposing the rotation into a single force equal in 
magnitude and parallel to N but displaced a distance a 



the tractive force > W ( 
2a 
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in such a direction as to hinder the rotation of the body 
upon which it acts. 

Exercise 248. Write the equations of motion for the 
cylinder shown in Fig. 119 after replacing N and Na by a 
single force. 

Exercise 249. Show graphically that if the cylinder, 
Fig. 119, rolls down the plane with constant velocity and the 
limiting sHding friction is called in action, then 

6 = 4>, 

and u, =~ ■ 



Section XXVI 

APPLICATIONS 

As an example of the graphical treatment of problems 
involving resistance to rolhng., consider a wagon wheel 

rolling along horizontal 
ground. In Fig. 120 the 
Hne of action of the force 
exerted upon the wheel by 
the ground must pass thru 
the point 0' at a distance 
a in advance of the point 
0, this point being on the 
line of action of the force 
when rolKng resistances are 
neglected. The coefficient of rolhng resistance, o, takes 
care of all resistances due to rolhng, even those occa- 
sioned by the formation of a rut as illustrated in Fig. 120. 
Neglecting the weight of the wheel the only other 
force acting upon the wheel is the force transmitted to it 
by the journal on the axle of the wagon. The effect of 




Fig. 120 
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friction on this turning pair is taken into account by 
the friction circle. The line of action of the two forces 
which alone act upon the wheel must pass thru 0' and 
be tangent to the friction circle of the turning pair. To 
determine upon which side of the friction circle this line 
of action must be tangent note that the force on the 
wheel at the axle is downward and that the wheel re- 
volves clockwise; thus to hinder this motion the down- 




i<-tt-»i 



Fig. 121 



ward force must be tangent to the friction, circle at its 
left side. The hne of action of R is thus determined. 

Let us now find the horizontal force required to keep 
a wagon, having four wheels of equal size, moving with 
constant velocity. If we assume the radii of the journals 
equal (Fig. 121) and also the same a and ix^ for both 
pairs of wheels, then i?i and Ri, the forces transmitted 
by the wheel pairs to the body of the wagon, are parallel. 
The wheels are here considered as links of the mechanism. 

Exercise 250. Assume a load W and its center of 
gravity, and find P graphically. 

Exercise 251. If r is the radius of the journals and ri 
the radius of the wheels, show by means of Ex. 250 that 
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approximately. (Use similar triangles and remember that a 
and r/iy are very small as compared to r^. These are much 
exaggerated in Fig. 121.) 
Exercise 252. Show that 

(a) the larger the diameter of the wheel, and 

(b) the smaller the diameter of the journal 
the less will be the tractive force. 

Exercise 253. A wagon whose rear wheels are 4 feet in 
diameter and whose front wheels are 3 feet in diameter carries 
a load of 2 tons. The center of gravity of the load is 2 feet 
forward of the rear axle and the axles are 6.5 feet apart. 
The axle journals are 2 inches in diameter. Compute the 
tractive force for constant velocity on a level road if a = 0.02 
and \i.j = 0.05. 

Exercise 254. Solve Ex. 253 graphically. 

Exercise 255. Two rollers are used in moving a load W 
supported on skids; show that 



where P is the horizontal tractive force, r the radius of the 
rollers, and a and a' are the coefficients of rolling resistance 
between the ground and the rollers and between the skids 
and the rollers respectively. 

Exercise 256. In Ex. 255 does P change with the chang- 
ing positions of the rollers as the skids advance ? 

Does the height of P above the ground afiect the magni- 
tude of P ? Does it affect the problem in any way? 

Exercise 257. Find the horizontal components of the 
reactions between ground and rollers in Ex. 251. This is 
the real resistance to rolling. Is this force in any way 
similar to the adhesion between the rails and drivers of a 
locomotive (see page 39)? Does the tractive force of a 
locomotive depend upon a or /j.,? 
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Friction Wheels. — Instead of supporting a journal 
on a bearing the journal may be supported upon two 
wheels the journals of which are in turn supported on 
bearings. Fig. 122 illustrates this method of supporting 
a journal. Here A is the journal supported by the 
friction wheels D and E. The bearings B and C of 
the shafts supporting these wheels rest in fixed bearings 
(not shown). 





Fig. 122 

As regards the bearing A, the journal friction, which 
would exist if it were supported by a bearing, is here 
replaced by the resistance to rolhng between the journal 
A and the wheels D and E, in contact with which this 
journal rolls. The usual journal frictions of course still 
exist at B and C. 

If the shaft A is supported in bearings (Fig. 123) and 
in turn supports a pulley, over which a belt passes as 
shown, and the tensions on both sides of this belt are 
equal, then the resultant force R, acting upon the pulley, 
would pass thru the center of ^4. If the bearing is 
frictionless the slightest increase in tension on either 
side of the belt would produce motion. Any increase 
in either tension Ti or T^ would shift the line of action 
of their resultant, R, to one side or other of the center 
oiA. 
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Exercise 258. If the radius of the journal is r and the 
coefficient of journal friction is /i,-, how far may the line of 
action of R in Fig. 123 be shifted without producing motion? 

When the journal A is supported as shown in Fig. 122 
the wheels B and E (regarded as weightless) may be 
conceived as being links of the mechanism. Each will 
be acted upon by only two forces. 




Fig. 124 

Exercise 259. (a) Assume the mechanism, Fig. 122, 
frictionless and find the lines of action of the forces trans- 
mitted by the wheels Z? and E to the journal A. 

(b) Assume journal friction at B and C and find the lines 
of action of the transmitted forces. 

(c) Same as (a) or (b) but assume both journal friction 
and resistance to rolling. 

Exercise 260. Show the line of action of the vertical 
force acting upon the shaft A when motion is about to occur 
under the conditions (a), (b), and (c) of Ex. 259. 

Exercise 261. Draw Fig. 122 to a large scale. Assume 
the same radius and coefficient of journal friction for the 
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journals A, 5,. and C. Determine whether the displacement 
of a vertical load upon the shaft A must be greater or less for 
impending motion when A is supported on a bearing or on 
friction wheels; thus, whether or not friction wheels reduce 
the friction losses at A. 

To arrive al an approximate analytical expression for 
the horizontal displacement of the vertical force necessary 
just to overcome the frictional resistances due to a pair 
of friction wh«els consider Fig. 124. 

Neglect the resistances due to rolling, as these are very 
small even as compared to the radii of the friction circles 
involved. Then AA', the required displacement, is not 
only very small but almost horizontal in any practical 
case. From the triangle AA'O we Have 

AA' _ sinff 
r sin d 

for the angle ^'^0 is practically equal to B, and /3 is small 
as compared with 6. 

If the radius of the friction circles at the bearings of 
the friction wheels is nMj and the radius of the friction 
wheels is R\, 

sm |8 = -^' 

SO that A A' = riij — -r— > approximately. 
Ki sm 

In this expression, rixj is the radius of the friction circle 
of the main journal A , when resting in a bearing. There- 
fore, provided 

^^- <i 
Ri sine ' 
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the friction wheels will decrease the frictional resistances 
which must occur when the journal A is supported by 
them instead of by a bearing. 

It is also evident that the more nearly 2 d approaches 
180° (also, the larger i?i and the smaller ri are made) 
the smaller will the frictional resistances become. 



PROBLEMS FOR REVIEW 



262. The axle of a trolley car is loaded with 1000 pounds 
2.5 feet to the left of the center and with 1500 pounds 2.5 
feet to the right of the center. Find graphically the pressures 
on the rails if they lie in planes perpendicular to the axle and 
2 feet from its center. 



Xlbs. 




100 lbs. 



W- -i 



Fig. 125 



Fig. 126 



263. A rope is wrapped three times around a horizontal 
cylinder, and a weight of 12 pounds is hung from its end. 

(a) Find the least pull applied at the other end necessary 
to raise this weight, (jj. = 0.3.) 

(b) What force -would be required to just prevent the 12 
pounds from slipping down? 

264. (a) Calculate the reactions for the frame shown in 
Fig. 125. 

(b) Calculate by the method of sections the stresses in 
the marked (X) members. 

(Measure all required distances on a large figvu-e drawn to 
scale.) 

265. Draw the stress diagram for the frame shown in 
Fig. 125. 

266. The jib AC of a lo-ton crane is inclined at 45° to 
the post, and the tie-rod BC is inclined at 120° to the post. 
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(a) Find the stresses in the jib and tie-rod when fully loaded, 
the tension of the chain being neglected, (b) If a backstay 
BD inclined at 45° to the post be added and attached to the 
end of a horizontal strut AD, find the weight at D reqviired 
to counterbalance the load on the crane, and find also the 
tension in the backstay. 

267. If in Fig. 126 the arm is about to move up under the 
action of the 100-pound force, find graphically the greatest 
force X which can be applied as shown, (jj, = 0.3.) 




268. A single fixed pulley, 6 inches in diameter, tiu^ns on 
an axle 2 inches in diameter (jj, = 0.2). A weight of 500 
pounds is to be lifted by means of this pulley. Find the 
vertical force required. 

269. A pair of sheer legs make an angle of 60° with one 
another and their plane is inclined at 60° to the horizontal. 
The backstay is inclined at 30° to the plane of the legs. Find 
the forces on each leg and on the backstay per ton of load 
carried. 

270. Draw the stress diagram for the frame shown in Fig. 
127. Indicate tension (-1-) and compression (— ) on the 
members of the frame. 

271. Find by the method of sections the stress in the 
marked (X) member of the' frame, Fig. 127. 

272. Find the reactions of the abutments graphically and 
draw the stress diagram for Fig. 128. 

273. Find the tractive force of a locomotive having s-foot 



PROBLEMS FOR REVIEW 



i8i 



drivers, a 2-foot stroke, and a m.e.p. of 40 pounds per square 
inch with an effective piston area of 200 square inches. 





Fig. 129 

274. Draw the stress diagram for the jointed frame shown 
in Fig. 129. 

Indicate whether the various members are in tension or 
compression by placing the proper sign on each member. 




Fig. 130 

275. Develop a formula for the tension in the tackle rope 
of the derrick shown in Fig. 130. Assume all necessary di- 
mensions and indicate them carefully on your sketch. 

276. If two turns of a rope ^ inch in diameter are taken 
about a post 10 inches in diameter, what force applied at 
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one end of the rope will just prevent a force of 659 pounds 
applied at the other end from producing motion? The co- 
efficient of friction is J. 

277. Draw the stress diagram for the frame shown in 
Fig. 131 and indicate whether the members are in tension or 
compression. 




300* 



Fig. 131 



278. Find the stress in the marked (X) member of the 
frame shown in Fig. 131 analytically by the method of sec- 
tions. 

279. Find graphically in the simplest manner: 

(a) the reactions at A and 
B, 

(b) the stress in CD, for the 
crane shown in Fig. 132. 

280. A rope makes 2.5 turns 
about the wooden drum of a 
hoisting engine. If the load 
to be lifted is equivalent to 
3000 pounds, at the drum, 
what force must be appUed to 
the rope as it leaves the drum 
in order to create the necessary 
friction? The coefficient of 
friction between wood and rope is 0.33. 

281. During erection a force of 100,000 pounds is brought 
to bear at the point A, upon the structure illustrated in Fig. 
133, by means of the cable AB. Compute 
(a) the stress in the member marked C, 
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(b) the reactions at the abutments M and iV , due to this load. 

282. Sketch enough of the stress diagram for the frame 
illustrated in Fig. 133 to determine the stresses in the members 
marked D and E, State whether the members D and E are 
in tension or compression. 

r 




Fig. 133 

283. In hemp or cotton rope-drives the greatest working 
stress is 140 pounds per square inch and the tension on the 
tight side of the rope is usually considered to be four times 
the tension on the slack side. 

(a) What is the effective force, useful in transmitting 
energy, in a rope having a sectional area of 2 square inches? 




Fig. 134 

(b) To what value of /t do the above tensions correspond 
if we assume that the common formula for belt friction applies 
in this case, that the angle of contact between rope and pulley 
is 180°, and that the rope is about to slip? 

284. Find graphically the useful resistance Q, correspond- 
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ing to a given driving force P, in the machine shown in Fig. 
134, assuming the machine frictionless. 

285. Same as Ex. 284, but all frictional resistances to be 
taken into account. 

286. A fly-wheel, weighing 2000 pounds, has a radius of 
gyration of 5 feet. The shaft joxurnals are 12 inches in diam- 
eter and the coefficient of jour- 
nal friction is 0.06. After the 
wheel reaches a speed of 120 
r.p.m. the driving force is 
withdrawn and the wheel slows 
down to 60 r.p.m. 

(a) How much energy does 
the wheel lose ? 

(b) What moment (in 
poimd-feet), due to friction at 
the shaft journals, opposes the 
motion of this fly-wheel ? 

287. Find the weight W, 
the reactions at the journals 
A and B and at the foot-step 
C for the machine shown in Fig. 135, the machine to be 
considered weightless, frictionless, and in equilibrium. 

500 




Fig. 13s 




Fig. 136 

288. Use the method of sections. to calculate the forces 
in the members marked (X) in Fig. 136. Measure the neces- 
sary distances from a scale drawing. 
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289. If motion of the drum in Fig. 137 is impending, find 
the tension in each end of the strap passing around the 
drimi. The drum is rough. 

290. An axle 10 feet 
long between bearings has 
3 projecting arms of lengths 
I, 3, and I feet; they carry 

masses of 2, 2, and 4 units, "*" ^^ j 

respectively. The arms are 

placed at distamces of 2, 5, and 7 feet from the left bearing; 
the angle between the first and second is 90° and between 
the second and third 45°. Find the reactions of the bearings 
if the axle turns at 100 r.p.m. 

291. A cylinder of weight W, moment of inertia I, and 
radius r rolls down a rough plane of angle 8. If the adhesion 
is F and the coeflScient of rolling resistance is a, find, by the 
method of work, the angular velocity after the cylinder rolls 
s feet without slipping. 

292. Find the friction moment of a conical pivot imder 
the two usual assumptions. 

293. The cables of a suspension bridge dip 100 feet in a 
span of 1000 ft. If the load is w pounds per horizontal foot, 
find the tension in the cables at a point 200 feet horizontally 
from the towers. 

294. A strap bearing on a brake wheel 2 feet in diameter 
and tightened by a lever is used to hold a load on a winch. 
The shaft to which the brake wheel is keyed also carries a 
pinion of 10 teeth gearing with a wheel of 54 teeth on a second 
shaft. This second shaft has a pinion of 9 teeth gearing 
with another wheel of 50 teeth on the drum shaft. The 
diameter of the drum is 12 inches, the length of the handle 
of the lever is 30 inches, and of the short end 3 inches. If 
one end of the strap, which subtends an angle of 300° at the 
center of the wheel, be fixed and the other end be attached 
to the short end of the lever, find the greatest load on the 
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rope wound on the drum that could be supported by a force 
of 45 pounds applied at one end of the lever handle. Take 
the coefficient of friction as o.i. 

295. If a weight of 16,100 pounds attached to the rope in 
Ex. 294 is descending with a velocity of 300 feet per minute, 
how far will it go before coming to rest after the brake is put 
on? Neglect the kinetic energy of the rotating parts. 







T 



^ 



Fig. 138 



Fig. 139 



296. Find the relation between and 4>, the angle of fric- 
tion, so that the clutch illustrated in Fig. 138 may grip. 

297. In Fig. 139 A drives B and 2 H.P. is transmitted 
with a rim velocity of 9 feet per second. If ;u = 0.4, with 
what force must the shafts at A and B be forced towards 
each other? 



u — 
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X- 


w 



Fig. 140 



298. Compute the stresses in the three members marked 
X in Fig. 140. 

299. Draw the stress diagram for the frame shown in 
Fig. 140. 
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300. A locomotive running at v miles per hour develops 
E H.P. ; find the tractive force, assuming no energy lost in 
friction. 

301. The platform of a suspension foot bridge of 100 foot 
span is 10 feet wide and supports a load of 150 pounds per 
square foot. The cables have a dip of 20 feet. Find the 
stress in each cable at a point at a horizontal distance of 
30 feet from the center of the span. 

302. The fly-wheel of a shearing machine has 150,000 
foot-pounds ot kinetic energy stored in it when its speed is 
250 r.p.m. 

(a) What energy does it lose during a reduction of speed 
to 200 r.p.m.? 

(b) If 82 % of the energy given out is imparted to the 
shears during a stroke of 2 inches, what is the average force, 
due to this energy, on the blade of the shears? 

303. When the belt of the dynamometer shown in Fig. 
141 is removed and the frame, pivoted at C, is in the 




Fig. 141 

position shown a spring balance at 50 inches from C reads 
35 pounds. When the belt travels with a velocity of 60 feet 
per second a weight of 100 poimds hung 40 inches from 
C maintains the frame in its central position, the spring 
balance having been removed. Find the H.P. transmitted 
by the belt. 
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304. Show that the work done by water supplied to a 
cylinder at a constant pressure of p poiuids per square inch 
and moving a piston is p times the volume of the water 
supplied. 

305. A shaft transmits 100 H.P. and makes 200 r.p.m.; 
to what torque, expressed in pound-inches, is the shaft sub- 
jected? 

306. A traction engine, weighing 800 pounds, has two 
vertical double-acting cylinders 2.5 inches in diameter and 
4 inches stroke; the driving wheels, 28 inches in diameter are 
driven by a chain; the sprocket attached to the crank shaft 
is 4 inches and the one attached to the driving wheels is 12 
inches in diameter. The m.e.p. is 75 pounds per square inch 
and 25 % of the energy developed is lost in friction. Find 
the available tractive force if the resistance to rolUng amounts 
to 16 pounds per ton. 



ANSWERS. 



1. 2 TrRWi — 2 TfWl. 

2. 6 irFr, lo vFr foot-pounds. 

2'^NPl 

33,ooo 

6. (a) •^ feet = 63.02 inches; (b) 100. 
27r 



i7N{2R + d)iJ^-T\ 

12 X 33,000 

7r65i?iV 



0(33,000) 
II. 28° 58'. 

(T,-T,)V 



12. 



33,000 



29 TT . 

14. -^ = X.38. 

IS- — = si pounds. 

TT 

17. l^A. 

18. 199,900 foot-pounds; 4,224,000,000 foot-pounds. 

19. 72,000 pounds per foot. 

20. 39.4 foot-pounds. 

23. ^ (1+ log. r)-Apb. 

r 

24. 1009. 
23. 1630. 
26. 21.8. 

£<£+£). j-t (c + ?<) 
^ L-\-c c 

37. 163, 162 foot-pounds. 

38. By t. r., 1812; By S. r., 1830 foot-pounds. 

41. PFsin(9-l-i8)sin9. 

42. e = 90° - ^ . 
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4S' iS)7i° pound-inches. 

46. 82,500 foot-pounds. 

48. v^f. 

49. Equal. 

51. .0378 inch; 40,000 pounds; 12,940 pounds. 
55. 39.28 pounds per square inch. 

57. T = —J-- pounds. 

SQ. 2750-1-960 = 3710 pounds. 

60. 9,790,000 foot-pounds; 297. 

61. TF = 375 (H.P.). 

, „^, , WhV 

02. .00010 Wh pounds; 

990 

04. P = — ■ 
r 

65. T = F. 

74- S°, — 150; 400, 416-7; 416.7 pounds. 

75. 342, 238 pounds. 

76- 333) 660; 600, 2400 pounds. 

78. 200 pounds. 

79. — 100 pounds. 

80. —2021, —674 pounds. 

81. 29 pounds. 

82. o, — 417 pounds. 

100. 7180, 5900, 1200, 5900, 6750, 22,320, 6750, 30,700 povrnds. 

loi. 250, 1250, 500, 1250, 500, 250, 1000 pounds. 

109. -A^; -i^.o; 4- 100,0; -^^a-H^fi pounds. 

— 119. 1, — 29.6; — 257.5, +29-6; 388.8 pounds. 
1 13- 349 pounds. 
115. -85.36; 4- 72.7 tons. 

128. 1125, 1212 pounds. 

129. 450, 484 tons. 

130. 5.6 inches. 

I 
131- z = ■ 



fi 



+ 1 



, y' + s 

133. x = m loge i 

134. T = w Vot^ -)- s^ = wiy + m). 

136. 77 feet; 60 feet. 

137. 99 feet; 0.62 foot. 
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140. Tain. = Wa.D.(l>; e = 0. 

Wsinit) 
^^^" cos(9+(^)' 
144. Pmln. = W sin {<t> + a). 

Wsm(.4> + cc) 
*'■ cos(fl-.^) ■ 

146. PT tan (0 + a). 

W' sin (a + *) 

147. , • 

cos <t> 

g TT sin (.^ - g) 

'* ■ cos (<t> — B) 

149. (% < 2 arc tan m- 

,-« 117 _ :Pcos ((/>i + |8) cos ( a + <fe + (^3) . 

I50» (To ; — : — ; — i — ', — i — 7"^ » 

cos <t>3 sin {a+ (l>i + <t>i) 

jjr _ P t^os (j8 - <j.i) cos (<t>a + <t>i-a) _ 

cos ^8 sin (<^i + <>2 — a) 

151. 716 pounds. 

152. 140 pounds. 

P cos d) 

2sin^^* + -j 

155. Q{tan0 + tan((^-a)j. 

156. a = 2 0; 1:7. 

169. 66.6%; 25%. 

170. 19.5 %■ 
171- S°%- 

Or 
174. P = ^tan(a-0.). 

176. a = 0. 

tana tan {a — (ji) 

tan (a + ^) ' tan a 

181. a = 4S - - • 

183. 2.13. 

188. r = 77P; .75 inch. 

T 

180. i" = — T = 21.8 pounds. 
100 

IQO- 3-Si; I2-3S; 1524; 6611. 

191. 2.2. 

12 Zi<j)W 

195. To = —r- 
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197. 306*. • 

200. 6.6s H.P.; 96 feet per second = 5760 feet per minute. 

201. 10. 

Rd sin <j> 2im itRnd sin <^ 



203. 



24 33,°°° 12 X 33.°°° 



=°'^- ^slS1^7+^^^°=(*-"^ + '^°^(*+'')^ 

206. 94-5%; 96%- 

207. 292, 308 pounds. 
mgr 



' f OTir^ + 2 Mr^ + mfi 

262. 1560; 940 pounds. 
26^. 3440; 0.042 pound. 
264. -so, +4S°; 231; 2°6- 

266. 33.S, 27.5; 23.S, 33-S tons. 

267. 12 pounds. 

268. 570 pounds. 

269. 2000 pounds. 
271. 462. 

273. 203s pounds. 

275. wU -^\-\-W^c 

2a 

276. 10 pounds. 
278. 60s pounds. 

280. 16.8 pounds. 

281. 600,000; 400,000; s°°)°°° pounds. 
283. 210 poimds; 4.4. 

286. 93,100 foot-pounds; 60 pound-feet. 

287. 200; 200, 100; 44.4, 155.6 pounds. 

294. Two solutions depending on direction of rotation. 
18,620 pounds or 11,000 pounds. 
4.03 inches or 6.83 inches. 
298. 215 pounds. 

SWVP + idh'^ , 3WI 
8h ' 4h ' 

301. 52,200 pounds. 

302. 54,000 foot-pounds; 237,200 pounds. 

303. 21.6. 

305. 31,500 pound-inches. 

306. 144 pounds. 



299. 
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Absorption djmamometers, 5. 

Abutments, 54. 

Adiabatic expansion, 21. 

Angle of frictibri^io3. 

Angular velocity, unit of, 34. 

Answers to exercises, 189. 

Areas, approximation of, 22. 

Arm, sliding, 116. 

Assumptions in the theory of pivots, 129. 

Bands, friction of, 135. 

normal force due to, 135. 
Bearings, 143. 

worn, 144. 
Belts, centrifugal tension in, 138. 

creep of, 140. 

effect of velocity on energy transmitted by, 138. 

energy transmitted by, 137. 

friction of, 135. 

normal force due to, 135. 
Block, sliding, 112, 156. 
Bolts, force required to tighten, 133. 
Bracket, sliding, 116. 
Briggs dynamometer, 9. 

Cables, equilibrium of, 90. 

Catenary, 96. 

Centrifugal tension in belts, 138. 

Circle of friction, 145, 148. 

Clearance, 19. 

Coefficients of, friction, 103. 

journal friction, 146. 

resistance to rolling, 168. 

sliding friction, 104. 
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Collar pivot, 130. 
Concurrent forces, 45. 

in space, 83. 
Cone of friction, 114. 
Conical pivots, 130. 

Connecting-rod, forces acting on, 151, 164. 
work transmitted by, 27. 
Cotters, no. 
Couple, work of a, 2. 
Crane, 6g, 71. 

effect of hoisting chain on stresses in a, 74. 
Crank, slotted, 158. 
Cranked shaft, forces on, 80. 
Creep of belts, 140. 
Crusher, stone, 165. 
Culmann's method, 60. 

Derrick, 88. 

Diagrams, stress, 62. 
work, 15. 
Dredge, 88. 

Dynamometer, Briggs, 9. 
Prony, 5. 
Webb floating, 10. 
Dynamometers, absorption, $• 
transmission, 7. 

Efficiency of machines, 118. 
Energy, kinetic, 29. 

transmitted by belts, 137. 

unit of, 33. 
Equilibrium of forces, 49, 5r. 
Expansion of gases, work done by, 15, 21. 

Fink truss, 66. 

Flat pivots, 129. 

Flexible ropes and cables, equilibrium of, 90. 

friction of, 135. 
Fluid, work done by a, 3. 
Force, unit of, i. 
Four forces, equilibriiun of, so- 
Frames, 56. 

general treatment of, 68. 
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French truss, 66. 
Friction, loi. 

axis of a link, 153. 

circle, 145, 148. 

coefficients of, 104, 146. 

cone of, 114. 

of bands, 135. 

of journals, 143. 

sliding, 102. 

wheels, 175. 
Funicular polygon, 46, go. 

Gases, work done by expanding, 15, 21. 
Gravitation, work done by the force of, 12. 
Guides, III, 158. 

Hemispherical pivots, 130. 
Horse-power of the steaai engine, 17, 20. 

definition of, 4. 
Hyperbola, 17. 

Ideal frames, 56. 
Inertia, moment of, 34. 
Isothermal expansion, 16. 

Jamming, due to friction, iis- 
Jointed frames, 56. 
Journal friction, 143. 

Keys and cotters, no. 
Kinetic energy, 29. 

unit of, 33. 

Lift, 114. 

Link, two force member, 151. 

friction axis of, 153. 
Locomotive, tractive force of, 39. 

steam pressure required to start, 43. 

Machines, loi. 

efficiency of, 118. 
forces acting on, 150, 138. 
overhauling of, 119. 
self-locking of, 119. 
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Mass, unit of, 30. 

Measuring tape, deflection of, 100. 

Method of sections, 58. 

Mill, problems on roUing, no. 

Moment of inertia, 34. 

Oblique loading, stress diagrams for, 67. 
Oscillating cylinder, 166. 
Overhauling of machines, 119. 

Parabola, 93. 
Pivots, 128. 

assumptions in the theory of, 129. 

collar, 130. 

conical, 130. 

flat, 129. 

hemispherical, 130. 
Polygon of forces, 45. 
Power, 4. 

Principle of work, 35. 
Problems for review, 179. 
Prony brake, s- 
Punch, 165. 

Radius of gsration, 34. 
Ratio of expansion, 18. 
Rectangular rule, 24. 
Resistance to rolling, 167. 
Resultants, 45. 
Review, problems for, 179. 
Ritter's method, 58. 
Rollers and skids, 174. 
Rolling mill, problem on, no. 
Rolling, resistance to, 167. 

wheel, 172. 
Ropes and cables, equilibrium of, 90. 
friction of, 135. 

Screws, 122. 

square- threaded, 122. 

v-threaded, 124. 
Sections, method of, 58. 



INDEX 



Self -locking of machines, 119. 

Shaft, cranked, forces acting on, 80. 

Sheer legs, 87. 

Simpson's "three-eighths" rule, 26. 

Simpson's rule, 24. 

Skids and rollers, 174. 

Sliding arm, 116. 

block, 112, 156. 

friction, 102. 
Slotted crank, 158. 

cross head, 29, 156. 
Solid statics, 77. • 
Spring, strength of, 14. 

work of deformation of, 14. 
Square-threaded screws, 122. 
Statics, review of principles of, 45. 

solid, 77. 
Steam engine, horse-power of, 17, 20. 
Steam shovel, 88. 
Stone crusher, 165. 
Strength of a spring, 14. 
Stress diagram, 62. 
Structures, plane, 54. 

in three dimensions, 83. 
Struts, S7- 
Suspension bridge, 95. 

Tape, measuring, deflection of, 100. 

Telegraph wire, stresses in, 96. 

Three-eighth's Rule, Simpson's, 26. 

Three forces, equilibrium of, 49. 

Ties, 57- 

Tightening of bolts, 133. 

Tractive force of a locomotive, 39. 

Transmission dynamometers, 7. 

Trapezoidal rule, 23. 

Tripod, 84. 

Two-dimensional structures, S4- 

Unit of, angular displacement, n. 
angular velocity, 34. 
displacement, i. 
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Unit of, force, i. 

kinetic energy, 33. 
linear velocity, 33. 
mass, 30. 
power, 4. 
work, ^. 

V-threaded screws, 124. 

"Wagon, resistance due to rolling of, 173. 
Webb floating dynamometer, 10. 
Wedge, 107. 
Wheel, rolling, 172. 
Wheels, friction, 175. 
Wind loads, 67. 
Wire, stresses in, 96. 
Work, diagram, 15. 

done by, constant forces, 4. 
oblique forces, 27. 
variable forces, 12. 

of a couple, 2. 

of a fluid, 3. 

principle of, 35. 

unit of, 2. 
Worn bearings, 144. 



